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ABSTRACT 



We deconstruct the fifth dimension of 5D SCQD with general numbers of colors and 
flavors and general 5D Chern-Simons level; the latter is adjusted by adding extra quarks to 
the 4D quiver. We use deconstruction as a non-stringy UV completion of the quantum 5D 
theory; to prove its usefulness, we compute quantum corrections to the SQCDs's prepotential. 
We also explore the moduli/parameter space of the deconstructed SQCD5 and show that for 
l^csl < ~ \nf it continues to negative values of l/g'id- many cases there are flop 
transitions connecting SQCD5 to exotic 5D theories such as Eq, and we present several 
examples of such transitions. We compare deconstruction to brane-web engineering of the 
same SQCD5 and show that the phase diagram is the same in both cases; indeed, the two 
UV completions are in the same universality class, although they are not dual to each other. 
Hence, the phase structure of an SQCD5 (and presumably any other 5D gauge theory) is 
inherently five-dimensional and does not depends on a UV completion. 
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1. Introduction 



Motivation: 

Five-dimensional J\f = 1 SUSY gauge theories appear to be well understood. Indeed, con- 
straints due to 8 supersymmetries combined with gauge invariance are so powerful that many 
low-energy properties of the theory — such as geometry of its moduli space — can be cal- 
culated exactly [1, 2]. But all such calculations presume that SUSY and gauge invariance 
persist on the quantum level of the 5D theory. In other words, all our knowledge assumes 
some kind of a UV completion which keeps these symmetries manifest. 

In 5D all interactive field theories are non-renormalizable, so 4D-style perturbative UV 
cutoffs such as DR or covariant higher-derivative terms are of no use. Instead, most research 
into 5D gauge theories embeds them into string or M theory as a UV completion. For 
example, one may (1) compactify M theory on a singular Calabi-Yau threefold [3, 4, 5, 6, 7], 
or (2) make a web of {p,q) five-branes in type IIB string theory [8, 9, 10, 11, 12], or (3) 
put D4-brane probes of type IIA string in a background of D8 branes and 08 orientifold 
planes [1, 13, 2]. In such completions, one may use the full power of string/M theory to 
derive the global geometry of the 5D moduli space, including 'flop' transition to different 5D 
phases, sometimes involving strongly-coupled sectors with non-trivial IR fixed points [14]. 
But unfortunately, in string context it is hard to tell whether all these phases are made of 
the same QFT-level degrees of freedom, or perhaps they follow from different sectors of the 
string theory. In other words, we don't know if the whole phase diagram is an inherent 
property of the 5D gauge theory (regardless of a UV regulator) , or perhaps some phases are 
artefacts of embedding into string theory. 

To resolve this issue, we need to compare phase structures of different UV completions 
of the same 5D theory. Since all 'stringy' completions are dual to each other as string/M 
theories, there is no use in comparing them to each other. Thus we need a non-stringy 
regulator such as lattice. But the Euclidean 5D lattice breaks SUSY; also, it's hard to 
latticize the Chern-Simons interactions of the gauge fields. Instead, we shall use a lattice 
/ continuum hybrid known as dimensional deconstruction [15, 16, 17, 18, 19]: 4 dimensions 
out of five remain continuous while the fifth dimension becomes discrete. 
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In an earlier article [20], we have used deconstruction as a UV completion of 5D SYM 
theories with maximal Chern-Simons levels kcs — fic- In this article we extend this method to 
SQCD5 with general numbers of colors and flavors and all allowed Chern-Simons levels. Our 
main results arc as follows: (1) We develop the quantum aspects of deconstruction technology. 
In particular, we show how to convert the exact non-perturbative data (which obtain at the 
4D level of deconstructed theories) into the 5D moduli dependence of gauge couplings, and 
hence into 5D phase structures. (2) We prove universality of SQCD5 phase diagrams: for 
any choice of ^c, n/, and kcs, the deconstructed SQCD5 and the string embedding of the 
same 5D theory are in the same universality class and have identical phase diagrams. This 
strongly suggests that other UV regulators are also in the same universahty class and hence 
the phase diagrams are inherent properties of the 5D theories. 

Overview of 5D SQCD: 

Now that we have made out intentions clear, let us briefly introduce two subjects that may 
be unfamiliar to some readers, namely the SQCD in 5D, and the dimensional deconstruction. 
We start with the the basic features of 5D gauge theories with J\f — 1 SUSY (which in five 
dimensions means 8 rather than 4 supercharges) [2] . First of all, there are two kinds of super- 
multiplets, vector and hyper: a vector multiplet contains a gauge field A^, a Dirac fermion 
(4 complex components), and a real scalar; a hyper multiplet contains a Dirac fermion and 
two complex (or 4 real) scalars. In SQCD5, — 1 vectors form an adjoint representation of 
SU {ric) gauge group while nfXric hypers form nj fundamental representations Hc. Note that 
there are no separate quark and antiquark multiplets; instead, a single ric of hypermultiplets 
contains both the quark and the antiquark (as well as two squarks and two antisquarks). 
All Yukawa and scalar couplings of a 5D jV" = 1 theory are related by SUSY to the gauge 
coupling g^; unlike in 4D, there is no independent superpotential. Instead, in 5D there are 
Chern-Simons interactions of gauge fields and their superpartners, 

£cs = tr{AAF AF - ^AaAaAAF-^AaAaAaAaA) 

247r 

+ tr {^FnyF^") + fermionic terms 

where $ is the adjoint scalar field. To assure gauge invariance of the path integral, the 
coefficient kcs (also known as the Chern-Simons level) is quantized: in SYM5 or SQCD5 
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with an even number of flavors, kcs must be integer; SQCD5 with an odd Uf needs a half- 
integer fees [1]- 

The vacuum states of 5D A/" = 1 theories form continuous families parametrized by 
two kinds of moduli: the Coulomb moduli control the adjoint scalar VEV ($) while the 
Higgs moduli control the squark VEVs. Because these scalars belong to different kinds of 
supermultiplets (vector versus hyper), the two kinds of moduli do not intermix. That is, the 
local geometry of the moduli space factorizes into separate Coulomb and Higgs subspaces. 
The global geometry is more complicated because non-zero squark VEVs require some tuning 
of the Coulomb moduli and quark masses ruf. Consequently, the overall moduli space has 
several branches, each with its own Higgs and Coulomb subspaces: the Coulomb branch 
with ric — 1 independent Coulomb moduli but no Higgs moduli at all; the mesonic branches 
where some Coulomb moduli are fixed to allow some squark VEVS and hence Higgs moduli; 
and the baryonic branches where all Coulomb moduli arc fixed. But in all branches, the 
Coulomb and the Higgs moduli are completely separated by SUSY. 

Provided the UV completion of the quantum theory is manifestly supersymmetric, the 
separation between the Higgs and the Coulomb moduli remains exact. Also, there are no 
quantum corrections — perturbative or non-perturbative — to the classical geometry of 
the Higgs moduli space. This follows from promoting the gauge coupling to a background 
field [21]: to do it in a supersymmetric manner, l/gf| must be the scalar member of a vector 
multiplet and therefore cannot affect the Higgs space geometry [22]. As to the Coulomb 
moduli space geometry, the quantum corrections stop at the one-loop level. In terms of the 
prepotential. 



and there are no further perturbative or non-perturbative corrections [1]. For SQCD5, 



where the Coulomb moduli 0i . . . , (pnc are eigenvalues of the adjoint scalar's VEV ($). For 
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^ = ^tree + -^i-ioop , exactly. 



(1.2) 




(1.3) 




(1.4) 



generic values of these moduh the gauge group SU{nc) is broken to its Cartan subgroup 
C/(l)"=~^, and the gauge couphng matrix for the abehan fields follows from the prepotential 
according to 

(1.5) 



" 1 " 




/ moduli \ 






\ metric J 



d(t)i d(f)j 



ij 

This matrix must be positive-definite for all values of the moduli 0j, which restricts the 
discrete parameters of SQCD5 to [2] 



\kcs\ + <nc for Tie > 3, 
rif <7 for Tie — 2. 

The abelian gauge fields have Chern-Simons interactions with each other: 



(1.6) 



K B^J- 

^ ^ ETi^^^^^i^^^ ^^^^^ ^ij'^ = ^r^T^- (1-^) 
^ 487r2 d(f)id(l)jd(j)k 

Gauge invariance requires the coefficients Kijk to be integer, and this restricts the prepoten- 
tial so much that there are no quantum corrections beyond the one-loop level. 

Finally, a point of terminology. In this paper, wc distinguish between the non-dynamical 
parameters of the 5D theory such as l/g'^ and quark masses and the dynamical moduli of its 
vacua such as 0, or the Higgs moduli of squark VEVs. However, the phase diagram of the 
theory involves both the parameters and the moduli; for example, in §6.1 we shall sec that 
an SU{2) SYM theory has a phase transition at {Sn'^/gD — —(f) rather than at {Sn'^/gD — 0. 
Consequently, when appropriate we shall put the parameters and the moduli into a combined 
parameter/moduli space. 

Overview of Deconstruction: 

And now we turn to the dimensional deconstruction. Most generally, the deconstruction 
relates simple gauge theories in spaces of higher dimension to more complicated theories in 
fewer dimensions of space: The extra dimensions of space are 'deconstructed' into quiver 
diagrams of the 'theory space' [15, 16]. In simple cases, deconstruction is a three-step 
procedure: First, one discretizes the extra dimension(s) — say, the x'^ space coordinate of 
a 4 -|- 1 dimensional theory — into a lattice of small but finite spacing a. On this lattice. 
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the ^0,1,2,3 components of the gauge field reside on lattice nodes, while the A4 component 
is realized via unitary matrices Ui = path-ordered exp (^i J^^^^^^ A4^dx'^^ residing on links. 
Second, one reinterprets the lattice as a quiver diagram describing a complicated 4D field 
theory with a large number of gauge group factors (one per lattice site) with equal couplings 
g^^ = g4 = g'ol \fa.- The link variables Ui become 4D non-linear sigma models Vti with 
-Ftt = 1/(0(74) and transforming in bi-fundamental representations (D^, D^+i) of the gauge 
group SU{n) i. Finally, one adds degrees of freedom to make the theory renormalizable in 
4D; this includes promoting non-linear sigma models Qe to linear sigma models, or perhaps 
realizing them as techni-pions of some kind of technicolor (with a separate technicolor group 
for each Qg). The resulting 4D gauge theory can often be summarized by a quiver diagram 
— hence the name quiver theory — for example 

• color group factor 

o technicolor group factor (1-8) 
— > techniquark or antiquark 

for the 5D YM theory deconstructed in [15]. In order to have a finite number of 4D fields, 
the quiver should have a finite size L — in 5D terms, this means that the deconstructed 
dimension is also compactified on a large circle of length 27cR = La — but eventually one 
may take the L — 00 limit and recover the uncompactified 5D physics. In this limit, the 
lattice spacing a remains finite and serves as the UV regulator: For energies E <^ (l/o) the 
physics is 5D but for ^ (1/a) it becomes 4D. 

Dimensional deconstruction of supersymmetric theories breaks half of supercharges for 
every discretized dimension [19, 23]; in particular, for A/" = 1 theories in 5D, deconstructing 
one dimension breaks 4 out of 8 supercharges. Fortunately, the 4 supercharges which remain 
unbroken act as custodial symmetries of the complete 5D SUSY in the low-energy effective 
theory. Indeed, for E <^ (l/o) the fifth dimension is effectively continuous, and if the effective 
5D theory happen to have 5*0(4, 1) Lorentz symmetry as well as any SUSY at all, then it 
must have the complete 5D SUSY algebra with all 8 supercharges. This is not as easy as it 
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sounds because the SO{A, 1) Lorentz symmetry of the continuum hmit is far from automatic 
in partially latticized theories. Instead, one often needs to fine-tune the lattice action {i. e., 
the 4D Lagrangian of the quiver theory) to make sure that all light particle species have the 
same light speed in the discrctizcd direction. However, once this is achieved, the recovery of 
all 8 supercharges in the 5D continuum limit is automatic [19]. 

Prom the 4D point of view, the quiver theory has 4 exact supercharges, which means that 
some properties of the theory are holomorphic and can be calculated exactly, including all 
the non-perturbative effects. Such properties include the phase structure of the theory, and 
also moduh dependence of gauge couplings for the massless vector fields. The basic idea of 
quantum deconstruction is to interpret these data in 5D terms; this allows practical use of 
the dimensional deconstruction as a UV completion of quantum 5D theories. 

Outline: 

This article is organized as follow. In the next section (§2) we deconstruct SQCD5 with quarks 
at the semiclassical level of analysis. Instead of following the 3-step procedure outlined above 
— discretize, re-interpret, and make renormalizable — we work in reverse. That is, we start 
with a quiver diagram, build a corresponding 4D, J\f = 1, [SU{nc)]'" gauge theory, and then 
show that it indeed deconstructs the 5D SQCD. Specifically, we verify that the classical 
vacua of the 4D quiver theory correspond to the classical vacua of the 5D SQCD, and for 
each vacuum, the spectrum of light 4D particles agrees with the Kaluza-Klein reduction (on 
a latticized circle of length 2TrR — La) of the 5D gluons, quarks and their superpartners. 

In §3 we deconstruct the Chern-Simons interactions of the 5D gauge fields. We show 
how to control the Chern-Simons level kcs by adding extra quark flavors to the 4D theory. 
The extra flavors do not have any light modes and thus do not deconstruct any 5D particles; 
instead, they decouple at the 5D threshold E = (1/a). But integrating out those quarks 
leaves behind quantum corrections to the low-energy Lagrangian; in 5D terms, such correc- 
tions lower kcs by the number AF of extra flavors. Altogether, we end up with F = nf + AF 
4D flavors where n/ is the number of 5D flavors, and AF is used to set 

kc. = ne - ^ - AF. (1.9) 

Interestingly, the values of kcs which may be deconstructed in this way are precisely the 
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values allowed by eq. (1.6). 

In §4 wc deconstruct the 5D gauge coupling and their moduli dependence. We start with 
the Coulomb phase of the 4D quiver where the massless gauge bosons belong to C 
diag [S'[/(nc)^] [24]; the couplings of these abelian bosons are encoded in a hyperelliptic 
spectral curve, which was computed in [25].^^^ This curve has moduli and parameters, and 
our first task is to map them to 5D moduli 0i and parameters m/ and h — (STr^/g^). Then, 
we take the decompactification limit L — > oo while all the moduli and parameters remain 
fixed. In this limit, the spectral curve simplifies (as long as is weak enough), which helps 
us to evaluate the abelian gauge coupling matrix Tij. We find that Imrjj = La x a finite 
matrix [Ang^'^((j))]ij, which we interpret as the deconstructed 5D abelian coupling matrix; 
this corresponds to 4D massless fields being zero modes of the 5D fields compactified on a 
circle of length 27rR = La. 

Although the 4D quiver theory has only 4 supercharges, the deconstructed 5D gauge 
couplings are consistent with a prepotential, which confirms SUSY enhancement to 8 su- 
percharges in the continuum 5D limit. Moreover, the prepotential turns out exactly as in 
eqs. (1.2-4), which shows that dimensional deconstruction indeed works at the quantum 
level: the 5D loop corrections follow from loop and instantonic corrections in 4D (see also 
[23]). 

The deconstructed tree-level 5D couphng h — (Stt^/ g'f) is also affected by the 4D quantum 
corrections. We find that the allowed range of h depends on the Chern-Simons level of the 
deconstructed SQCD5: For kcs = ±(nc — |n/), h runs from -|-oo down to a finite lower limit 

^min i 2 / 

m f, but for other values of hs there is no lower limit and h can take any value 
between +00 and —00. The negative values of h do not make sense in terms of ordinary 
SQCD5; instead, they corresponds to exotic strongly- coupled phases of the 5D theory [2, 8]. 

In §5, we discuss quantum corrections to baryonic Higgs branches of the deconstructed 
SQCD5. (The corrections are to the Coulomb moduli and parameters of such branches 
rather than to the Higgs moduh.) We also find that 5D theories with \kcs\ < (^//2) have 

(1) In [25], we studied the [SU{nc)]^ quiver theory from the 4D point of view. We analyzed the quiver's chiral 
ring, which summarizes its exactly calculable holomorphic data. In this paper, we use these data to obtain 
the 5D properties of the deconstructed SQCD5. 
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exotic Higgs branches at strong coupling: the h parameter must be fixed aX h — h\, where 
hb — 0{mf) <^ In particular, SYM theories (n/ = 0) with kcs — have exotic 

Higgs branches at h — 0. The physical nature of the exotic Higgs branches is unclear from 
the 5D point of view, but in 4D they are simply baryonic branches which involve some of 
the AF extra quark flavors. At weak coupling, these quarks are heavy (mass = 0(l/a)) 
and decouple from the 5D physics, but in the strongly coupled quiver they develop zero 
modes, hence a baryonic branch for h — hi, (l/a). String/M implementations of 5D SYM 
with \kcs\ < (^//2) have similar exotic Higgs branches [5] at fixed h — h},{'mf), and alas 
their physical nature is just as unclear from the 5D QFT point of view as in dimensional 
deconstruction. 

In §6 we present four examples of deconstructed SQCD5 theories and study their h < 
phases. For h <0, the 4D theory is strongly coupled at the 4D — >■ 5D threshold E = (1/a), 
but thanks to unbroken J\f = 1 SUSY, the spectral curve of the quiver is exactly calculable 
despite the strong coupling. This allows us to deconstruct the h < regime of the 5D theory 
just as easily as the weakly-coupled h > regime. Sometimes, the two regimes are separated 
by a phase transition: Although in 4D there is only one Coulomb phase because the spectral 
curve is holomorphic, the decompactification limit L — > 00 of the spectral curve may be 
different for /i < than for /i > 0, and that leads to different phases in 5D. 

For simplicity, all our examples have ric = 2. The first example (§6.1) has Uf = and 
AF = 1 while the second example (§6.2) has Uf = and AF = 2. For h > 0, they 
deconstruct SYM theories with different 5D vacuum angles {9 — n for AF = 1 and ^ = for 
AF = 2). But the h < regimes of the two models are very different: the AF = 1 model 
has two distinct Coulomb phases — the SYM phase and the Fq phase — separated by a fiop 
transition, while the AF = 2 model has only one Coulomb phase, but it also has an exotic 
Higgs branch. 

In §6.3 we present two more SU{2) models, this time with Uf = 2 and AF = or 1. 
For simplicity, we restrict our analysis to equal quark masses (modulo sign) for the two 5D 
fiavors. Nevertheless, we find several distinct phases, both Coulomb and Higgs. 

All 4 models are presented in much detail, which makes for a rather looong section §6. 
But the main result can be stated in once sentence: in all examples, the deconstructed SQCD5 
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has exactly the same phase diagram as the string-theoretical UV completion of the same 5D 
theory. The readers who are not interested in technical details may skim this section and 
focus only on the phase diagrams themselves: they appear on pages 59, 67, 75-76, 82, 85, 
and 87. 

Finally, in §7 we show that for all ric, rif, and kcs, the deconstructed SQCD5 and the 
string-theoretical implementation of the same 5D theory via a brane web are always in the 
same universality class. In particular, they always have similar phase diagrams and similar 
prepotentials . . . , 0ncj h;mi, . . . , m„^). However, the two UV completions are not dual 

to each other and become dissimilar outside of the zero-energy limit. 

Instead, the 5D universality between deconstruction and brane webs is similar to the 4D 
universality between SQCD and MQCD [26, 27, 28]. In fact, our proof is based on the 4D 
universality: We start with deconstructed SQCD5, treat it as a 4D [SU{nc)]^ quiver theory, 
and take its M-theory counterpart — the M5 brane spanning the 4D Minkowski space times 
the quiver's spectral curve. This M theory is not dual to the deconstructed SQCD5, but it's 
in the same universality class. 

And then we show that the La — > cxo limit of the M5 brane is dual to a type IIB [p. q) 
5-brane web, and moreover this web implements the very SQCD5 we have started from. And 
since duality implies universality (but not the other way around), it follows that the brane 
web is in the same universality class as the deconstructed theory; but they are not dual to 
each other. 

To summarise, in this paper we show how to use dimensional deconstruction as a UV 
completion of a 5D SUSY gauge theory such as SQCD5. We show how to extract 5D quantum 
effects such as loop corrections to the prepotential from the 4D loop and instantonic effects 
— which can be calculated exactly thanks to the unbroken J\f — 1 SUSY in 4D. We show 
how to deconstruct the 5D phase diagrams, including the non-classical /i < phases. And we 
show that at the end of the day, the dimensional deconstruction is in the same universality 
class as string-theoretical UV completions of the same 5D theory. 
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2. Semiclassical (De) Construction 



In this section, we perform a reverse deconstruction — at the semiclassical level of analysis 
— of SQCD5 with arbitrary numbers of colors and flavors. That is, we start with a quiver 
diagram, build a 4D M = 1 gauge theory, and then show that it indeed deconstructs the 
5D SQCD. Specifically, we verify that the classical vacua of the 4D quiver theory correspond 
to the classical vacua of the 5D SQCD, and for each vacuum, the spectrum of light 4D 
particles agrees with the Kaluza-Klein reduction (on a latticized circle of length 2ttR = La) 
of the 5D gluons, quarks and their superpartners. 

We start with quiver diagrams of general form 




Physically, each green circle of this diagram corresponds to a simple SU {nc)i factor of the 
net 4D gauge group 

L 

G4B = l[SU{n,), (2.2) 

e=i 
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while the red and blue arrows denote the chiral superfields: 

(□^), / = l,2,...,n^, 
(□,), / = l,2,...,n^, (2.3) 

where ^ = 1,2, ... ,L is understood modulo quiver size L. From the 4D point of view, L is 
a fixed parameter of the theory, but for the deconstruction purposes we must later take the 
L ^ oo limit in order to recover the un-compactified 5D physics. 

Similar to many other deconstructed theories, the quiver (2.1) can be obtained by orb- 
ifolding a 4D theory with a much larger but simple gauge group and higher SUSY, namely 
M = 2 SQCD with L xric colors (but only Uj- fiavors) [29, 30]: A twist removes the extra 
supercharges and reduces the gauge symmetry from SU (L x ric) down to 

S{[U{n^)]^) = [SU{n^)]^ x [U{l)]^-\ (2.4) 

However, the abelian photons of the orbifold theory suffer from triangular anomalies and 
therefore must be removed from the effective low-energy theory. In string orbifolds such 
removal is usually accomplished via the Green-Schwarz terms [31, 32], but at the field theory 
level we simply discard the abelian factors of the orbifolded symmetry (2.4) and interpret 
the nodes (green circles) of the quiver diagram (2.1) as purely non-abelian SU{nc)i factors. 

To complete the 4D quiver theory we must define its tree-level couplings. The orbifolding 
procedure gives us two types of couplings inherited from the 'original' M = 2 SQCD, namely 
the same gauge coupling ge = g for all the SU {ric)^ factors of the quiver, and the Yukawa 
coupling 7 of the "hopping" superpotential 

^hop = 7 5Z5Z(Qj+ifiM^ - ^^fQ{Qi) (2.5) 
i=i f=i 

which makes the quark fields propagate in the discretized direction. Classically 'y = g 
because of A/" = 2 SUSY of the "mother theory" ; in lattice terms, this equality assures that 
the quarks and the gluons have equal light speeds. Besides the couplings, we also have quark 



quarks Qf 
^= j- antiquarks Q{ 
bi-fundamental link fields Q« 
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masses //j. Formally, we may derive them from the orbifolded 5D quark masses, but we 
shall see momentarily that the relation between the 4D and the 5D quark masses of the 
deconstructed theory is more complicated. 

Finally, to make the deconstruction work, we need the O'Raifeartaigh superpotential 

L 

= ^ (det(O^) - (2.6) 

e=i 

where are singlet fields (one for each £ = 1, 2, . . . , L) not shown on the quiver diagram (2.1). 
These singlets and the O'Raifeartaigh terms (2.6) do not follow from the orbifolding: We 

simply add them by hand at the same time as we remove the abelian factors from the 
orbifolded gauge group (2.4). The purpose of this modification is to turn each bi- linear link 
field fli into an SL{nc, C) linear sigma model where on-shell 

det{ne) = -y"" = const. (2.7) 

Note that SL{nc,C) is the complexified SU{nc) group manifold, and this is precisely what 
we want for the link variables of a supersymmetric SU{nc) gauge theory on the lattice. In 
5D terms, 

Q-i{x) = vx exp I / dx^ (^iAi{x) + (j){x)^ j + fermionic terms (2.8) 

ordered \ ai / 

where (f){x) is the scalar superpartner of the 5D vector field >l^(a;), = 0, 1, 2, 3, 4. 

Having defined the 4D quiver theory, we must now verify that it indeed deconstructs the 
5D SQCD. At the semi-classical level of analysis of this section, this means verifying that: 
(A) the vacuum field configurations of the 5D and the 4D theory correspond to each other 
according to the field map (2.8), and (B) for each vacuum, the spectrum of fight 4D particles 
follows from the Kaluza-Klein reduction of the 5D particles on a latticized circle of length 
27tR = La [15, 16]. That is, for each 5D quark or gluon (or a superpartner) we must have a 
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series of L 4D particles with similar quantum numbers and 4D masses given by 



Mi = mi + Pt + 0{amia'Pt,...) 



(2.9) 



where 



Pa 



2Txk 
La 



+ Po, A; = 0,1,2,... mod L 



(2.10) 



is the quantized momentum in the direction and the quantization shift po allows for 
Wilson lines, etc. Furthermore, all the light 4D particles (M4 ^ (l/o)) must belong to such 
Kaluza-Klein series, although the heavy 4D particles (M4 ^ (l/o)) do not have to have 5D 
counterparts. 

We begin with the simplest 5D vacuum state with unbroken SU{nc) where all the gluons 
are massless while the quarks have their bare masses m^. According to the field map (2.8), 
(0) = (A4) = in 5D translates to the 4D link field VEVs 



(2.11) 



which break the 4D gauge symmetry (2.2) down to the 'diagonal' 



SU{nc) 



diag 



diag 



l[SU{n, 



(2.12) 



while the rest of the 4D vector fields acquire masses 



Ml{k) = g'^\v\'^ X 4sin' 



(2.13) 



This spectrum indeed matches eq. (2.9) for ms = 0, provided we identify the lattice spacing 

as 

1 

a = — . (2.14) 



Similarly, the quark mass spectrum also has deconstructive form for Eavors with bare 4D 
masses fijr near v. Indeed, consider the mass matrix for the quarks and the antiquarks 
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(5^ of a fixed flavor / but all i = 1, . . . , L: The exact eigenvalues of this matrix are given by 
Mi{k) = \^\^ X \ve^^"'/'^ - IJf\\ k=l,...,L, (2.15) 
and for fij- near v, this spectrum does have deconstructive form (2.9) where 

"^5 = l/U/l - l^^l, (2.16) 
Po = \'yv\ X arg{ij,j/v), (2.17) 

and a = . (2.18) 

\'jv\ 

Clearly, in order to satisfy both eqs. (2.14) and (2.18) we must have equal gauge and 
Yukawa couplings g = In a quantum theory, this means fine-tuning the non-holomorphic 
Kahler parameters of the quiver theory such that the renormalized physical couplings satisfy 

fl'phys = blphys exactly, (2.19) 

or in non-perturbative terms, in the very low energy limit E ^ v/L, the effective theory 
(the diagonal SU{nc) with an adjoint field $ and several quark flavors) should be A/" = 2 
supersymmetric. Without this condition, the deconstructed theory would have quarks and 
gluons with different effective speeds of light in the direction. This is a common problem 
in lattice theories with some continuous dimensions {eg. Hamiltonian lattice theories with 
continuous time but discrete space), and the common solution is fine-tuning of the lattice 
parameters. For the problem at hand, the fine tuning of the quiver theory involves the Kahler 
parameters (such as coefficients of the quarks' and antiquarks' kinetic-energy Lagrangian 
terms) and does not affect any of the holomorphic properties of the quiver such as its chiral 
ring. Consequently, in the following we shall simply assume that the couplings are fine-tuned 
according to eq. (2.19) and focus on other issues. 

Next, consider the Coulomb branch of the SQCD5 moduli space where the squarks have 
zero VEVs but(0) 7^ 0. Generically, the (0) matrix has distinct eigenvalues (0i, . . . , (pnj^ 
the SUijic) gauge symmetry is broken down to its Cartan subgroup (f/(l))"'=~^ and the 
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off-diagonal gluons Gij have masses 

MGij] ^ (t>i- <t>j . (2.20) 
At the same time, the quarks have color- and flavor-dependent masses 

m^lq^'f] = rrif - (Pi. (2.21) 

Similarly, the 4D quiver theory has Coulomb branch vacua with zero squark VEVs but non- 
trivial hnk VEVs {He) v x In^xuc- Combining the D-term constraints for all the SU{nc)e 
gauge groups 

^1^^ ^^—1^1—1 ^ IricXHc ^•^j (2.22) 

with the F-term constraints (2.7), we find that all the (Q^) matrices must be equal to 
each other modulo an ^-dependent gauge transform. Moreover, we may diagonalize all the 
matrices at once and set 

V£ : {Qe) = vx diag (e"^i , e"'^^ , . . . , e'^^"- ) (2.23) 

for some complex numbers {(pi,(p2, ■ ■ ■ ,(pnj satisfying '^^^fi = 0. According to the field 
map (2.8), this corresponds to the 5D VEVs 

(0) + I (A^) = diag(<^i, (^2, . . . , <^n), (2.24) 

i. e., (pi = lie (pi are the 5D scalar VEVs of the Coulomb branch while the = Imipi are 
Wilson lines of the diagonal gauge fields around the compactified x"^ dimension. 

Generically, all the (pi are distinct and the 4D gauge symmetry is broken all the way 
down to the Cartan (^(l))diag^ subgroup of the diagonal SU{nc). The mass matrix of the 
remaining 4D gauge fields has eigenvalues 

Ml[G\f] = 9^\v\^x |e2"''^'/V^' - e^^'^f , (2.25) 

and it is easy to see that for 0^,0^ -C (1/a) and |A;| <^ L this 4D spectrum has the decon- 



17 



structed form (2.9) where the lattice spacing a is exactly as in eq. (2.14), the 5D mass 



m^lGij] = Re{Lpi - Lpj) = (pi - (pj (2.26) 

is in perfect agreement with the 5D formula (2.20), and the P4 quantization shift po is 
precisely the appropriate Wilson line 

PolGij] = lm{<p, - <pj) = At- A^. (2.27) 

At the same time, the 4D quarks have mass eigenvalues 

M|[gjf)] = I7I' X \ve'''''''/^e'"^' - fiff = ^ x \e^^ik/L^a<pi _ ^am^^ ^2.28) 

where in the second equality we use eq. (2.18) for the lattice spacing a and deGne complex 

5D masses rrij according to 

m, 4l^-log^. (2.29) 

In the deconstruction limit, the real parts Re(mj) of these complex masses act as the bare 5D 
quark masses, while their imaginary parts Im(mj) correspond to Wilson lines of the flavor 
symmetries, cf. eq. (2.17). Indeed, if we restrict to <^ (l/o) {i- e., f^f near v), ipi <^ (1/a) 
and |A;| -C L, then the quark mass spectrum (2.28) has the deconstructed form (2.9) where 
the 5D masses and the Wilson lines are exactly as for the Coulomb branch of the SQCD5: 

m5[Q''^] = Re{mf - ipi) = Rem^-0j, (2.30) 
Po[Q''^] = Im(m^ - ipi) = Immf - A\ . (2.31) 

Besides the Coulomb branch, the moduli space of SQCD5 has mesonic Higgs branches 
iff some of the quark masses are degenerate. On such branches, some squark fields have 
non-zero VEVs, some of the 0j eigenvalues are fixed, and the surviving gauge theory has 
reduced rank r < inc — 1). For example, for m\ = m2 there is a mesonic Higgs branch with 
non-zero squark VEVs {q'^) for i = 1 and f = 1,2; the hypermultiplet components (indexed 
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by a, /3) are constrained by the D-terms to satisfy 



= vU{l'a'){iyr + riU{q];'){qYr - O for t = 1,2, 3. (2.32)<^) 

On this branch, the 0i eigenvalue is frozen at 0i = nii = 1712 while the remaining eigenvalues 
02, • • • , (puc remain free (except for the 0j = constraint); for generic (p2, ■ ■ ■ , 4>nc the gauge 
symmetry is Higgsed down to ([/(1))"^'=~^ while the remaining gluons have masses 

mliCj] = (0, - 0,)^ + {6,,, + - A s,,^5J,^) X I ^ I (^y > 1^ (2.33) 



Likewise, the quiver theory has a mesonic Higgs branch whenever /i^ — /i^, ^ 0. In- 
deed, let /xf = 7^ and let us freeze the (ve"*^^)^ hnk eigenvalue at the same value, or 
equivalently let 

27riki 2mk2 /o o .\ 

(fi = mi + — — = 7712 + — (2.34) 
La La 

for some integers ki and k2. At this point, the scalar potential has flat directions for the 
squark and antisquark modes 

'^qY^ = e^-^^^/^/^ X g'-^ (qY) = e2-'*=/(^-^)/^ X Q''f, (2.35) 

of the color i — 1 and the flavors f — 1,2 only, subject to F-term and D-term constraints 

J2Q'''Q''' - 0, J2(\Q"''\" - \Q'''\") - 0- (2-36) 
/ / 

These squark VEVs Higgs the {SU{nc))^ gauge symmetry down to the {SU{nc — 1))^, which 
is further broken by the link VEVs {fli) down to a subgroup of the diagonal SU{nc — 1)- 
For generic values of the un-frozen eigenvalues (/?2, . . . , ^uci the unbroken gauge symmetry is 



(2) In 5D, N = 1 SUSY there are three D terms forming a triplet of the SU{2)fj symmetry. Consequently, for 
any broken gauge symmetry there arc three D-term constraints D* , t — 1,2, 3: The ry^^ matrices in eq. (2.32) 
represent the action of the SU(2)ii symmetry on the hypermultiplet components qa- 
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^, and all the remaining gauge fields have masses 

/ 

Clearly, this mesonic Higgs branch of the quiver theory deconstructs the similar branch 
of the SQCD5: Its root {i.e., the point where it connects to the Coulomb branch) is at the 
same place Recpi — Remi = Rem2, and the F/D term constraints (2.36) match the 5D 
constraints (2.32) once we repackage 

(g,gt)^,/ ^ ^qU_ (2.38) 

(The factor a/E here translates between the 4D and the 5D canonical normahzations of the 
quark fields.) Finally, the 4D mass spectrum (2.37) has the deconstructed form (2.9) where 
the 5D masses are exactly as in eq. (2.33), provided we translate squark VEVs according 
to eq. (2.38) and identify the 5D gauge coupling according to the classical deconstruction 
formula [15] 

gl = ag\ (2.39) 

Further coincidences among the quark masses of SQCD5 allows for richer mesonic Higgs 
branches with more squark VEVs, more frozen 0j eigenvalues {eg., 0i = mi = 7712, 02 = 

= 7714) and a lower rank of the unbroken gauge symmetry. The 4D quiver theory with 
multiple coincidences among /ij has similar Higgs branches, and the deconstruction works 
so similarly to the above that we don't need to repeat the argument. 

Instead, let us consider the baryonic Higgs branch which exists for > ric when ric of 
the quark masses add to zero, eg., rrii + 7712 + • • -m^^ = 0. On this branch, the (f) field is 
completely frozen at 0j = mj Vi = 1, . . . , nc, all the quarks with i = f develop similar VEVs 

(g^/> = 5^./ X (2.40) 

and the gauge symmetry is completely Higgsed down. The particle spectrum comprises a 
single massless hypermultiplet q (the baryonic modulus), nc(nj — Tic) short hypermultiplets 
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(2.37) 



q^'^ with masses 



m^[<t'^] ^ (pi - nif ^ rrii - rrif for / > only, (2.41) 
plus nl — 1 long vector multiplets with masses 

<[Gr,] = blJ2\^-\' + {<t>^-<l>Jf. (2.42) 
a 

The quiver theory also has a baryonic Higgs branch when rij- > Uc and the product of 
some ric 4D masses equals to Indeed, let /if x x ■ ■ ■ x /x^^ = v^""" or equivalently 
mi + 1712 + • • • TTin^ = 0, and let us freeze all the link eigenvalues at 

(pi ^ rrii + ——^ Vi^ 1,2,..., He- (2.43) 
La 

At this point, the quark mass matrix due to superpotential (2.5) has zero modes for all i — f, 
which allows non-zero VEVs 

'qy'j = 5''^ X e'^''''''^/^ X Q\ (^qY^ = 5/ X e^'^^'^'M/^ X g^ (2.44) 

subject to the D term constraint 

same (|gf - 141^) V^, (2.45) 

and the F-term constraint 

^ = 7Q*g^ - l^!L_^^ ^ 0. (2.46) 

The simplest solutions to these constraints are either same = Q and = (baryonic 
VEVs only) or vice verse same = Q^% and = (antibaryonic VEVs only), but thanks 
to the singlet fields si enforcing the determinant constraints (2.7), there are other solutions 
where both baryonic and antibaryonic VEVs are present at the same time while (s^) = s 7^ 0. 
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In such solutions 

Q'xQ' = const X e-"'^% (2.47) 

and the color dependence of the right hand side goes away in the deconstruction limit of 
(fii — rrii <^ {1 / a) . Consequently, the squark VEVs become simply 

(^qY^ = (5^'-^ X e''^^'^'^/^ X Q, (^qY^ = (5^'^ X e^'^^^'M/^ X Q (2.48) 

for some arbitrary pair [Q, Q) of complex VEVs — which obviously deconstruct the 1 hy- 
per multiplet VEV (Qa) of the 5D theory. 

Furthermore, all the gauge symmetries of the 4D quiver theory are Higgsed down and 
the vector multiplets acquire masses 

Ml[Glf] = /(|Q|2 + IQH + X |e''^''=/-^e"'^^ - e"<^^f (2.49) 

~ 9'{\Q\' + \Q\') + i'Pi-'Pjf + Pi (2.50) 

where the approximation on the second line applies in the deconstructive limit of ipi,mi,P4 <C 
(1/a). These 4D masses are in obvious agreement with the 5D vector masses (2.42), so 
all we need to check is the supermultiplet structure. In 4D, J\f — 1 SUSY, the Higgs 
mechanism eats one chiral multiplet for each vector multiplet which becomes massive, thus 
each G\j^ vector eats one linear combination of the three chiral multiplets Q'f , Q'f and Q'f 
with similar charges. Meanwhile, the other two linear combinations of these three multiplets 
acquire masses via the Yukawa couplings, and thanks to 7 = and (pi — rrii, they end up 
with exactly the same masses (2.49) as the vector fields. Altogether, this gives us complete 
J\f = 2 massive long multiplets — or equivalently long 5D massive vector multiplets reduced 
to 4D. 

Finally, the remaining chiral fields of the quiver theory comprise a massless pair {Q, Q) 
which deconstructs the baryonic hypermultiplet modulus of the 5D theory, plus massive 
quarks and antiquarks with flavors f > ric- These quarks have masses 

^2[?1/] = |^y|2 X |e2'^^'=/^e"'"* - e""^/f for /> rie only (2.51) 
fti {mi-rriff + P| for m,, m^, P4 < (1/a) (2.52) 
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and clearly deconstructs the 5D short hypermultiplets qij with masses (2.41). 

This completes our classical analysis of the deconstructed SQCD5. At the quantum 
level of the 4D quiver theory, calculating the mass spectra for various vacua of the theory 
becomes much more difficult — indeed, the state-of-the-art J\f — 1 technology does not allow 
for exact non-perturbative calculation of physical masses. Instead, our quantum analysis of 
the deconstructed SQCD5 will focus on the exactly calculable holomorphic properties of the 
4D theory such as the moduh dependence of its gauge couphngs. We shall return to this 
issue in section 4. 
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3. On Chern Simons Couplings 
and Extra 4D Flavors 



The quarks we have studied in the previous section were hght compared to the lattice cutoff 
of the deconstructed 5D theory: |mj| ^ (l/ct), hence according to eq. (2.29) fij ~ v. From 
the quiver point of view, there are no 4D restrictions on the bare quark masses and one 
may freely add extra flavors with ^ f or /ij ^ v. However, all such extra flavors are 
very heavy from the 5D point of view {\mj\ ^ (1/'^)) and decouple from the continuum 
limit of the 5D theory. In fact, the extra flavors with ^ v decouple from the 4D quiver 
theory above the deconstruction threshold, so there is really no point in considering them 
any further. On the other hand, the extra flavors with <^v are very much present at the 
deconstruction threshold, and even through they ultimately decouple from the low-energy 
5D theory, the 5D couplings receive quantum corrections from integrating out such extra 
flavors. Specifically, the extra flavors affect the Chern-Simons level of the deconstructed 5D 
theory: 

ka. = - W : fif « v} - !#{/ : fijr^v} (3.1) 

The purpose of the present section is to prove this formula for ric > 3. 

Let us start with a special case where all flavors have fijr = and the quarks Qi and 
antiquarks Qi at the same site i uncouple from each other. Hence, there is no interaction 
between different link fields Qe via quarks and antiquarks: Each couples to the specific 
pair of Qi and Qi+i, and they don't couple to any other link fi^/. Therefore, we may treat 
each link Qe as a separate SU {ric) sigma model and calculate its Wess-Zumino interactions 
without any concern for the other link fields Qe'- 

The Wess-Zumino interactions are topological and they depend only on the way the chiral 
fermion transform under symmetries of the sigma model, so let us consider the fermions which 
couple to the non-linear scalar field Qf. In component field formalism, 

CYn^^..m =9tr(nlXe+,^^ - ^,^A,fi{) + 7tr(*f^,l],^?) + I3v^^ ^'.tii^fnj') + H. c, 

(3.2) 

where , A^+i are the gauginos and the and are the fermionic members 
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of the appropriate chiral multiplets; no other fermions couple to the Q( sigma model. The 
sigma model has a chiral symmetry SU{nc)L x SU{nc)R = SU{nc)e+i x SU{nc)e- Under 

the right-hand symmetry U e SU{nc)g, the scalar field transforms according to Qi 
X W while the fermionic transformation rules follow from the invariancc of the Yukawa 

Lagrangian (3.2). Specifically, 

(3.3) 

From the chiral SU {nc)R = SU{nc)£ point of view, the amounts to species of antiquarks 
each transforming according to ip ^ tjj x U\ while the \E'^ packs species of quarks each 
transforming according to iJj ^ U x ijj. For ric 7^ this is a chiral transform, hence the 
Wess-Zumino action 

-^wz = k^x J^wzi^e) (3.4) 
where Qwz is the universal Wess-Zumino 4-form^^\ and 

As explained in [33, 20], the Wess-Zumino couphngs of the link fields deconstruct the 
Chern-Simons coupling of the 5D gauge fields: Let Qwz(f^^, , ^^+1) be a gauged WZ 4- 
form for the link field and the (4D) gauge fields A'^ and A^^^ under which it is charged; 
then in the continuum 5D limit a — > 0, 

J2 jnM^t.AlA>t^,) = y"f)cs(^^D) + Oia) (3.6) 

where 

Qcs = tr(AAFAF - ^AaAaAAF- ^AaAaAaAaA) (3.7) 



(3) The name "Wess-Zumino form" is often used for the 5-form dflwz rather than the 4-form Clwz itself. 

Unlike the 4-form, the 5-form is manifestly chirally symmetric, and it's also a much simpler function of 
the non-linear scalar field Q^. The action (3.4) can be written in terms of the 5-form integrated over 5 
dimensions: the ordinary four, plus an auxiliary fifth dimension. But that fifth dimension has absolutely 
nothing to do with the deconstructed fifth dimension of the SQCD5, so to avoid dimensional confusion, we 
use the 4D form of the Wess-Zumino action in this paper. 
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is the Chern-Simons 5-form. The coefficient kcs of the Chern-Simons couphng (3.6) is 
quantized; in light of the above, 

^cs — ^wz — ^/ ■ (3-8) 

Note that the effective low-energy theory in the 5D continuum limit is a pure SYM whereas 
all the quarks which were present in the 4D theory have decoupled at the deconstruction 
threshold E ~ Nevertheless, thanks to those decoupled quarks, the Chern-Simons 

level of the SYM theory is lowered from kcs — for the quark-less quiver we have studied 
in [20] down to kcs = ric — n^. 

The general case which allows //^ 7^ is more comphcated: The quark masses relate 
fermions and '^^ which couple to different sigma models and we no longer have isolated 
sigma models with separate Wess-Zumino couplings. Hence, instead of a direct deconstruc- 
tion of the 5D Chern-Simons coupling (3.7), we assume it exists at some level fees and 
calculate this level by taking the very-low-energy limit E <^ (1/La). In this limit, the 5D 
theory is dimensionally reduced to 4D (without the Kaluza-Klein excitations), the com- 
ponent of the vector field becomes a scalar, and the CS coupling becomes a field-dependent 
set of O angles: 

= /^cs^^cs(A^d) = ^ IV (A^ F A F) = ^ Y.^kcsLaAt) F, A F, (3.9) 

where in the last equality here we have restricted the 4D gauge fields to the abelian Fi 
{i — 1, 2, . . . , ^c, J2i — 0) which remain massless after the Wilson hues LaA\ break the 
SU{nc) down to the C/(l)"=-^ 

From the quiver point of view, the 

Qi = kcs X LaAf (3.10) 
are angles which arise from the field- dependent masses of the charged fermions. The 
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Adler-Bardeen theorem provides an exact formula: 



= argdet(M,) (3.11) 

where g is the array of abehan charges {qi,q2, ■ ■ ■ iQ-nJ is the mass matrix of fermions 

with the same charges q. Our task therefore is to evaluate this formula and show that the 
6j angles indeed have form (3.10) for the Chern-Simons level kcs specified in eq. (3.1). 

In the eigen-basis of the Wilson lines, the fermionic mass matrix pairs the quarks {^^Y'^ 
with the antiquarks ('I^^)''-^ and the gauginos (A^)'-' with the hnk fermions (\E'p)-'*: 

J]J]M,,Hg^'^]x(vl>?)^'/(vl>f)-/ 
ij i,v 

-fve"-'^' X 5e+i,e' - ll^f x Se,e' (3.13) 
{gve'^^r X V+i - {gve'^'r x Se,e . (3.14) 

The determinants of the mass matrices with respect to the quiver indices i, i' are completely 
straightforward: 

det M[g^'^] = ±-f^ {v^ exp{Laipi) - nj) , (3.15) 
detM[Ay = (^v*)^ (exp(La(^*) - exp(La(^*)) . (3.16) 

Taking into account the abelian charges of the gauginos, their combined contribution to the 
0j angle (3.11) amounts to 

[O^Ia = - E (^^* ^[^'^] ^ M[X^']) (3.17) 

Assuming for simphcity that the 5D scalar 0^ have zero VEVs and only the Wilson hues 
break the SU {ric) — thus (pj — iAj — we have 

detM[A*^] X detM[A^''] = 4:{gv*f^ sin' ^{A^ - A^) x exp(-iLa(4 + A")), (3.18) 

2 
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fermion 
mass 



where Me,^t>[Q^^^] 
and M^^e[>^'^] 



and therefore 



[O^Ja =^(La(^^ + Aj) +2Larg(^;)) = Uc x LaA^ + const. (3.19) 
Now consider the quark mass determinant (3.15). In the large L hmit, 



exp{iLaAf) when \v\ > llJ'fl, 
TfJ^f when \v\ < 



detM[g'-/] ^ \ Z\ ^^"^'^"^^^ :| l^^l' (3.20) 



hence the quark contribution to the angle (3.11) 

l^ih = - Yl {LaAt + La.rg{^v)) - i^arg(7/x^) 
/ / 

= const - {LaA^) x #{/ : < 



(3.21) 



Totaling the quark and the gaugino contributions, we arrive at 

Qi = k'^^ X (LaAf) + const, (3.22) 
in full agreement with the dimensionally reduced Chern-Simons coupling (3.10) for 

K. = nc - #{/ : l/^/l < |^;|}. (3.23) 

Although the above Chern-Simons level k'^ is not quite as in eq. (3.1), the discrepancy 
involves only quarks with 4D masses /x^ v. The problem lies in our taking the low- 
energy limit too literally and hence integrating out any 4D fermionic mode which is not 
exactly massless, including all of the quark modes. Consequently, the resulting Chern- 
Simons level k'^ corresponds to the low-energy limit of the SQCD5 from which all the quarks 
have been integrated out. Thus, 

^cs = ^cs + 5]isign(I^em^) (3.24) 
/ 

where kcs refers to the 5D theory which has light quarks only (the 5D masses |mj| < mmax ^ 
(1/a)), and only such light quarks appear in the In terms of the 4D masses /x^ = f e"™/ 
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(c/. eq. (2.29)), this means 



^cs = ^cs + 1 #{/ : |^;| < l/x^l < |^;|+m^ax} - !#{/ : \v\ - m^^ < \ < \v\}. (3.25) 
Finally, comparing this formula to eq. (3.23) we arrive at 

^cs ^ ric - #{/ : l/i/l < It'l -mmax} - \v\ - mmax < \fij:\ < \v\+m^^} (3.26) 

which is exactly what we have promised in eq. (3.1) (but now have restated in a more precise 
manner) . 

Eq. (3.26) tells us that deconstructing SQCD5 with a given Chern-Simons level may 
require more quark flavors in the 4D quiver theory then are present in 5D. To avoid notational 
confusion, let henceforth refer to the number of 5D quark flavors with masses |m| <IC (1/a) 
while F denotes the total number of 4D flavors of the quiver. According to eq. (3.26), we 
need 

F = Uf + AF where AF = Uc ^ - ^cs ; (3.27) 

•' 2 

for / = 1, 2, • • • , riy the 4D quark masses should be set to //^ = ve"''^f according to eq. (2.29), 

but for / > we want /ij: <^v; for simplicity, we let /ij = for / = {nj^ + 1), . . . ,F. 

Note that quantum consistency of SQCD5 requires integer kcs when is even but half- 
integer kcs when is odd. Also, positivity of the moduli-dependent gauge couplings (1.2-5) 
for /i > requires 

\kc.\ + Y ^ (3.28) 

In terms of eq. (3.27), these rules translate to AF being a non-negative integer (good, since 
otherwise deconstruction would be impossible) and F < 2nc- Since each SU{nc)e gauge 
group of the quiver couples to the total of (ric+F) chiral fields in the (D-t-D)^ representation, 
this means that the quiver theory should be asymptotically free, or at least asymptotically 
finite. This is good for the quiver as a UV completion of the 5D theory, but it also means 
strong quantum corrections in the IR limit of the quiver theory. In §6, we shall see that 
when such quantum corrections become strong enough, the deconstructed SQCD5 may have 
a flop transition to a different 5D phase. 
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We conclude this section with a few words about SQCD5 theories with only two colors [2]. 
The SU{2) group does not have a cubic invariant, hence the 5D Chern-Simons coupling does 
not exist for Uc = 2. Instead, there is a Z2 topological invariant and hence a vacuum angle 
6 which takes 2 discrete values and vr (modulo 27r). It would be interesting to deconstruct 
this vacuum angle directly from the quantum quiver theory, but here we prefer a simpler 
derivation: Let us realize an SU{2) quiver theory with F 4D flavors as the mesonic Higgs 
branch of an SU{3) quiver with F' = F + 2. This gives us two ways to deconstruct the 5D 
theory with ric = 2: We may first deconstruct an SU (3) theory with n'jr = rij + 2, then Higgs 
the 5D theory down to SU(2) (which eats up the two extra flavors), hence 

[0]su{2) = vr X [k,,]su(3) = vr X - ^n'^ - AF]^^^^^ = n x [n, - ^n^ - AF]^^^^) 

(3.29) 

Alternatively, we may first Higgs the SU{3) down to SU{2) in 4D and deconstruct afterward, 
but the end result should be the same, thus 

for ric = 2, ^ = TT X AF - - X modulo 271. (3.30) 

Note that for odd this angle takes values ±7r/2 instead of or tt, but this is OK since the 
real vacuum angle obtains only after after integration out of the 5D fermions, thus 

9 = 9 + -^sign(Rem^) = tt x (^AF + #{/ : < 0}) (3.31) 

/ 

which indeed takes values and vr for any Uj-. 

Another peculiarity of the SQCD5 with = 2 is that it allows up to 7 quark flavors 
instead of usual limit < 2nc for Uc > 3. The SU{2) quiver theory however loses asymptotic 
freedom and becomes UV-divergent and IR-trivial for rij- > 4. Consequently, at the quantum 
level, the quiver (2.1) fails to deconstruct SQCD5 with = 2 and rij = 5, 6 or 7. We suspect 
such theories can be deconstructed in terms of more complicated quivers and we hope to 
present them in a future publication, but in this article we shall henceforth assume F < 2nc 
even for Uc = 2. 
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4. Quantum Deconstruct ion of 
the Gauge Couplings 



The deconstructed SQCD5 has only 4 exact supersymmetries, hence at the non-perturbative 
level of analysis only the holomorphic features of the 4D quiver are exactly calculable. From 
the deconstruction point of view, the most important holomorphic feature is the moduli 
dependence of the abelian gauge couplings Tij{ip) for the Coulomb branch of the quiver's 
moduli space. Whereas the unbroken gauge symmetry (f/(l))"'^~^ C SU (rac)diag of the quiver 
deconstructs the Kaluza-Klein reduction of unbroken 5D symmetry on a circle of length 
2ttR = La, in the large quiver limit L ^ 00 we should have 



2n lmTij{ip) 



La X 



in- 



+ 0(1). 



(4.1) 



In this section, we shall see that this is indeed the case, and furthermore the 5D gauge cou- 
plings on the right hand side of eq. (4.1) are exactly as in eqs. (1.2-5) for the un-deconstructed 
5D SQCD. 

In a separate article [25] we have analyzed the entire chiral ring of the 4D quiver the- 
ory (2.1); for the present purposes, let us simply state without proof the key results which 
are relevant for the gauge couplings. First of all, the Seiberg-Witten spectral curve of the 
quiver is the Riemann surface of the quadratic equation 



- YxP{X) + {-lfaB{X) 







(4.2) 



where P{X) and B{X) are polynomials of respective degrees Uc and F, and a is a constant 
parametrizing the non-perturbative quantum effects. Specifically, a originates at the diago- 
nal instanton level of the [SU{nc)]^ quiver, meaning one instanton of the diagonal SU{nc)dia,g 
gauge group, or equivalently, one instanton in each of the SU{nc)i factor. For F < 2nc, 



a = ((-7)^A2"-^)^ 



(4.3) 



where A is the usual dimensional transmutant of the asymptotically free 4D gauge coupling 
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g (note same gi = g for all £ hence same = A). In the asymptotically- flat case of F = 2nc, 

a ^ [7^"'= exp(27riTuv)]^ ~ 
As to the polynomials, 

Bix) = n - A^/) = ^^"^ X n(^ - A^/) (4-5) 
/=i /=i 

parametrizes the bare 4D quark masses /i^ oi the theory, and 

p{x) = n - (4-6) 

parametrizes the Coulomb moduli space of the quiver. Since this space has only ric — 1 
independent moduli, the roots zui of P{X) are subject to one constraint, namely 

JJ^i = 1/^"^ = const, (4.7) 

1=1 



fi'phys 



(4.4) 



(4> 



(4) The second equality here foUows from eq. (2.19) for the renormalized gauge and Yukawa couplings, and 
the approximation is ignoring the threshold effects. Instead, we use the massless renormalization group 

equations for the gi-cn{E) and 7rcn(-E') and then impose grcn{E) = jrcn{E) for some low-cncrgy normalization 
point E. In terms of the running kinetic energy factors Zci{E), Zq{E) and Zq{E) for the charged fields, the 
renormalized Yukawa and gauge couplings are given by 

2 / r-i\ iTholomorphicI 



Zn{E) Zq{E) Zq{E) ' 
and 

n^n.(F^^..r.f^^\ = exp(27r Im r^y) X (Jg/cutoff)^"c-F 
^-"^ ^ ^"^[gl^iE)) iZniE))nc(ZQ{E)ZQ{E))^ 

Substituting F = 2nc and combining the two equations, we obtain 

2nc / 



X exp - ^ exp(27rruv) | 

y ren / \ </ren / 

at all renormalization scales. Eq. (4.4) follows from this formula once we identify 5phys = 9ren{E) and 
7phys = IreniE) for some rcnormalization point E and apply eq. (2.19). 



32 



where 



+ v^-^ = and < x <^ = A^*^^"^ (7//i)(7^2) • • • (7^- (4.9) 

Qualitatively, 

V ^ V, exactly, for AF > 0, 

(4.10) 

hutV ^ V + 0(A2"--^) for AF = 0. 

The gauge coupling matrix Tij follows directly from the spectral curve (4.2), but in order 
to study its dependence on the deconstruction-appropriate moduli = (pj + iA'j we must 
first define the ipj in a gauge-invariant way. Classically, there is a simple definition in terms of 
eigenvalues of the quiver-ordered product VLi,VLl_i ■ ■ ■ VL2^i of the bi-fundamental link fields: 

eigenvalues Ql^^l-i • • • ^^2^^i] = ([ve"'^^]^ , [ve""^^]^ [ve'"^"c]^^ , (4.11) 

cf. eq. (2.23). Or equivalently, we may define the resolvent function and look for its poles: 

def 1 cla '''' 1 

^^^^ ^ ^'X - Q^.-.Qi - [T;exp(a(^,)]^' ^^'^^^ 

Unfortunately, in the quantum theory the resolvent is defined as 

and consequently it has branch cuts instead of poles; specifically, 

nX) = ^ = , ' ) . (4.14) 

However, in the weak coupling limit A — > 0, the branch cuts become very short and can be 
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approximated as poles located at the roots zui of the P{X) polynomial: 

A^O =^ aB«P' =^ T{X) ^ %^ = fl^Aw.^ ^^-1^) 



. X — Wi'' 
1=1 



which immediately suggests the definition 



1 L/ ""^ 

^. _iog ^ P{X) ^ Y]{X - v'^ eMLaipi)) . (4.16) 



i=l 



Or rather 

def liog^ ^ P{X) ^ f[{X - y^exp(La^,)) (4.17) 

1=1 

in order to map the quantum-corrected moduli constraint (4.7) onto classical-like trace con- 
dition 

Outside the week coupling limit, T{X) generally has branch cuts of finite length; however, 
at a point where the Coulomb branch of the quiver's moduli space joins a mesonic Higgs 
branch, one of the branch cuts does degenerate into a pole. In terms of the Seiberg-Witten 
spectral curve, this happens when a root of P{X) coincides with a double root of B{X), eg. 
zui — III — ii2'- At this point, the quadratic equation (4.2) factorizes as 



Y^(X-r^,)xY, y - yx^^-— ^ + -^^--^ = 0, (4.18) 



where the second eq. (4.18) describes a hyperelliptic curve of reduced genus {g = ric — 2 
instead of g = ric — l) — which corresponds to the reduced rank of the Higgs branch's gauge 
symmetry (t/(l))"'=~^ — and the resolvent 

nx) = = 1 + 5sE (4.19) 

Y A — Wi Y 

has a pole at X — zui on both sheets of the Riemann surface. 

Prom the 5D point of view, this point of the moduli space corresponds to (pi — mi — m2. 
Therefore, the 4D ^ 5D map of moduli and masses should have (pi = rrif exactly when 
zUi = n^f, regardless of any quantum corrections. Hence, the classical mass formula (2.29) 
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calls for defining the 5D Coulomb moduli according to eq. (4.16), weak coupling or strong 
coupling. Alternatively, we may rescale v ^ V in both mass and moduli maps; this gives us 
eq. (4.17) for the moduli — and hence v^i = — while the 5D quark masses are given by 

= -\og^. (4.20) 
■' a V 

In light of the definitions (4.17) and (4.20), it is convenient to rescale the X and Y 
coordinates of the spectral curve by appropriate powers of V and rewrite the curve as 



- yxp{x) + e'^^^bix) = (4.21) 



where 



p{x) = Y[{x - e^""^^) , (4.22) 



i=l 



b{x) = i-lfx^^ X n " ^""""0 ' (^-23) 
and e"^"^ : 



i=l 

a 



^ = - X <; ' (4.24) 

" ' ^ - for F = 2n^. 



yL{2nc-F) 



1 ( log („y;;:-. forF<2n„ 



In these notations, eqs. (4.21-23) describe the spectral curve of a 5D theory compactified 
on a circle of length 2tiR = La without any indication that the compactified dimension 
is discrete; all the 4D aspects of the deconstructed SQCD5 are 'hiding' in the definitions 
(4.17), (4.20) and (4.24) of the 5D moduli and parameters. In other words, the details of 
the deconstruction decouple from the spectral curve (4.21-23) of the compactified SQCD5. 

Thanks to this decoupling, the spectral curve has all the symmetries of the 5D theory, 
even when the 4D quiver theory does not respect them at the non-holomorphic level. From 
the deconstruction point of view, such enhanced symmetries of the 4D spectral curve acts as 
custodial symmetries of the 5D symmetries. For example, consider the C symmetry which 
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acts on spectral curves according to 



x^-, y^T^r^ (4-25) 



X \—x) 



or equivalently 



AF — > 2nc — nf — AF, ipj — > — v^j , rrij — > —rrij-, (4.26) 



S ^ S -J2^f^ (4-27) 



H = S — 1^^^/ is invariant. (4.28) 
/=i 



Note that C is not a symmetry of the quiver theories themselves but only of their spectral 
curves, or more accurately, it's a symmetry of the family of such spectral curves with variable 
rrijr and AF parameters (but fixed ric and Uf). Nevertheless, the very existence of this 4D 
symmetry implies a 5D symmetry which acts according to eq. (4.26) translated into 5D 
terms, namely 

kcs -kcs, <Pj -(pj , A^j -^j, mj -^f- (4-29) 
In other words, C acts as a custodial symmetry of the 5D charge conjugation symmetry. 

~k ir ir 

After all these preliminaries, let us consider the decompactification limit La — oo of the 
spectral curve (4.21-23). In this limit, the moduli (p^ and the parameters S and mj remain 
fixed, hence the x and y coordinates of the curve scale as 

X = exp(La x ,^), y = exp(La x rj) (4.30) 

for fixed ^ and rj. Hence, 

p{x) ~ exp^La x 0(^, ip)^ except for ^ very near one of the (^j , 



b{x) ~ exp^La x 0(^,m)j except for ^ very near one of the 



(4.31) 
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and the ratio 



exp 



La X (^S + 0{^,ip,mj^ (4.32) 



generally becomes (for La oo) either extremely large or extremely small, depending on 
S. For sufficiently large S {i. e., for sufficiently weakly coupled quiver theory, cf. eq. (4.24)), 
the exponent on the right hand side of eq. (4.32) is generally negative, and therefore 

e"-^"'^ b{x) < p^(x) except for x very near one of the e^""^*. (4.33) 

Consequently, the roots Xi,X2, ■ ■ ■ , X2nc discriminant 

D{x) = p^(x) - 4e-^"^6(x) (4.34) 

cluster in tight pairs near the roots e^""^* of p{x). Assuming for simplicity a generic point of 
the Coulomb moduli space where all the ipi are distinct, we have 

X2i-u X2i ~ e^^^^i ± di (i = 1, . . . , (4.35) 

where 

Prom the spectral curve's point of view, the discriminant roots xi, . . . ,X2nc branching 
points of the Riemann surface (4.21) over the X plane, and their clustering into tight pairs 
means that in a suitable basis of the abelian gauge fields of the theory, all gauge couplings 
are weak. Specifically, the abelian coupling matrix is given [20] by 



^i^j = 7^ log 



27r (e^"<^< — e^^'^^y 



modulo Z, (4.37) 



2n " (d,/2)2 

and all we need to do now is to calculate the di according to eq. (4.36). 

To avoid compactification artefacts due to finite size La of the deconstructed dimension, 
we strengthen the assumption of the ipi being all distinct and assume that the differences 
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are larger than the compactification scale: 



Vi^i: \Re{ifi-<fj)\ > — , 



(4.38) 



hence \/i ^ j either e^""^* ^ ^Laipj ^^^^ verse e^""^* <^ ^Laipj xhis allows us to approximate 



max 



(+e 



LcKpi 



= ± exp (^ipi + + [(fi - ) ^ 



(4.39) 



where [^pi — denotes (v?i — 93^) x sign Re((^j — ^Pj)-^^'^ Likewise, we assume no coincidences 
between the moduli ipi and the masses m^, hence 

^gLac,, _ ^Lam,^ ^ ± gxp ((^, + + [(^i - m^J ) ^ . (4.40) 



Thanks to approximations (4.39) and (4.40), we have 



-iLa 



±exp I ^ I n 



(4.41) 
(4.42) 



La(pi-\ 



hence 



±exp ^(2AF + n_^)99, +^m^ + ^Wi-mf\j^ , (4.43) 



(4.44) 



iLa 



X 



v 



modulo 



Z 
2 ' 



where 



(5) For a real number a, \a\ = \a\, but for complex numbers we need a new notation. However, for any complex 
number /3, Re([/3J) = |Re(/3)|. 
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H S S 



/=i 



(4.45) 



and all approximations become exponentially good in the large quiver limit L ^ oo. 

According to eqs. (4.41) and (4.44), the entire abelian coupling matrix Tij{ip) of the quiver 
is proportional to La, exactly as promised in eq. (4.1). Furthermore, the deconstructed 5D 
gauge couplings of the SQCDs's Coulomb branch 



and 



87r2 
9l 



87r2 
9l 



Re{H) + fees X 0i + ^ 



IE 



(4.46) 



Re(m.)| (4.47) 



are consistent with a prepotential [1, 2]: 



Mi 



2 6 



-HnEi^.-^/-nEE 

^ i,i=i i=i /=i 



|0j - m/l 



(4.48) 
(4.49) 



This indicates SUSY extension from 4 supercharges in 4D to 8 supercharges in the continuum 
limit of the fifth dimension, which is a major ingredient of dimensional deconstruction.^^^ And 
most importantly, the deconstructed prepotential (4-49) is exactly as in eqs. (1.2-4) for the 
un- deconstructed SQCD5 (with a 'stringy' UV regulator which preserves all 8 supersymme- 
tries), provided we identify the tree-level Chern-Simons coefficient as fees = nc — \nj — /\F ac- 
cording to eq. (3.27), and the tree-level inverse gauge coupling h = {Sn'^/g'^) as h = Re(if).^^^ 



(6) By themselves, eqs. (4.48) do not prove SUSY extension in the continuum hmit. A complete proof would 
require calculating the Kahler function of the moduli fields and checking that the have the same metric 
as the gauge fields, and also that the Higgs moduli have the right metric and the right speed of light in the 
deconstructed dimension. Alas, we don't know how to calculate the non-perturbative Kahler function, so 
all we can do is hope that we may fine-tune it to agree with the extended SUSY. On the other hand, the 
gauge couplings are exactly calculable and cannot be fine-tuned, and that's why checking eqs. (4.48) is so 
important: If there is a prepotential, we may fine-tune the Kahler function to complete the SUSY extension; 
but if there is no prepotential, fine-tuning would not help. 

(7) Note that the tree level gauge coupling is invariant under the charge conjugation C. That's why the same 
H appears in both eqs. (4.28) and (4.45). 
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We conclude this section by establishing the limits (if any) of the h parameter space of 
the deconstructed SQCD5. Going back to eq. (4.24), we see that for F < 2nc, S — and hence 
H — depends on V, and according to eq. (4.10) V suffers from non-perturbative corrections 
when AF = 0. In the large quiver limit, eq. (4.8) becomes 

V > max(t>i,W2), (4.50) 

L—*oo 

hence according to eq. (4.9) 

|V^|2"^ > Kxt;2"1 = |A2"^-^7^/xi/X2---/iF| (4.51) 
regardless of the tree-level parameter v, and therefore for AF = 0, 



F=n 



f 



y2n.-F T-r' I 



/=1 /=1 



Hence, in light of eqs. (3.27) and (4.45), 

1 \ 

for kcs = + {nc — , h = Re{H) > -^^Re(mj). 



2 



(4.53) 



On the other hand, for AF > there is no lower limit on the magnitude of V; instead V = v 
without any quantum corrections whatsoever. Hence, allowing for arbitrarily large or small 
A/v ratios, we find that 

for \kcs\ < {ric — ^TT'f) ) all h > —00 are allowed. (4.54) 

Finally, for F = 2nc eq. (4.24) does not depend on V but only on the asymptotically-finite 
coupling g'^ of the 4D gauge theory [SU{nc)]^, hence Re(S') > and therefore, 

1 \ 

for fees = - i^c - Inj-) , h > --^Re(my). (4.55) 

/=i 

Note that despite completely different 4D origins of the limits (4.53) and (4.55), in 5D these 
limits are related to each other by the charge conjugation C. 
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Formulae (4.53-55) describe the complete range of the h parameter of deconstructed 
SQCD5 for different values of quark masses and Chern-Simons levels. However, for 



the 5D inverse gauge couphngs (4.46-47) become negative at the origin 0^ = of the dynam- 
ical moduli space. Physically, this is quite impossible from both 5D and 4D points of view; 
indeed, the very existence of a spectral curve such as (4.2) guarantees that the lmTij{(p) 
matrix is positive definite^^^ for all moduli ipi. In 4D, this apparent paradox goes away when 
we remember that before deriving eqs. (4.46-47) we assumed a "sufficiently large" Re(S') to 
assure that the branching points Xi, . . . ,X2nc of the Riemann surface (4.21) come in close 
pairs (4.35), and it is precisely this assumption which fails for h < ho- (Indeed, the inequal- 
ities (4.36) fail precisely when the right hand sides of eqs. (4.47) are no longer positive.) In 
the h < ho regime, the branching points xi, . . . , x^uc ^re arranged differently, and in §6 we 
shall see how such re-arrangements correspond to different phases of the 5D theory, separated 
from the "ordinary SQCD5" phase by flop transitions [14] in the parameter/moduli space. 



(8) By abuse of terminology, we call the Uc x ric matrix Im "positive definite" when we mean 




n 



(4.56) 



/=i 



'Y^lm.Tij FiFj > VFj such that = 0. 
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5. Quantum Baryonic Branches 



In stringy UV completions of 5D SYM theories with kcs = {6 = for SU{2)) there is a 
pecuhar Higgs branch, which connects to the Coulomb branch at the superconformal point 
h = 0, 0j = OVi [2, 8]. In this section we shall see that the deconstructed SYM5 — as well 
as some SQCD5 theories — have similar Higgs branches. In quiver terms, they are exotic 
baryonic branches, where by exotic we mean that the baryonic VEVs involve 4D flavors 
with = instead of the 5D flavors with /i = Ve"""^. Classically, such exotic branches do 
not exist, and even in the quantum theory they show up only at a particular value of the 
coupling parameter H, namely H = for Uf = and AF = ric. 

But before we delve into quantum baryonic branches of the quiver, let us briefly review 
the Higgs branches of 5D SYM from the stringy point of view. A rather graphic picture of 
such branches obtains via the {p,q) 5-brane web construction of type IIB superstring [9].^^^ 
For /i > the SU{n^) SYM webs look like 



where the left web corresponds to the Coulomb branch with distinct 0j and the right web to 
the unbroken SU{nc) point for 0j = OVi: a stack of Uc coincident horizontal brane segments 
gives rise to non-abelian SU [ric) gauge symmetry. The inverse 5D coupling h is proportional 
to the length of the stack, which depends on relative positions of the external legs. The 
directions of those external legs depend on the Chern-Simons level: for k^s = the legs 
diagonally across from each other are parallel, and for h = they line up in straight lines. 



(9) Briefly, there is a bunch of 5-branes, each spanning the 5D coordinates X^, . . . , X"^ and a segment of a real 
straight hne in the (X^, X^) plane; the segments form a web. A brane with (D, NS) charges {p, q) is oriented 
according to X^ + iX^ = (p + Tsq) x real + const; where is the complex type IIB coupling; this condition 
provides for 8 unbroken supercharges in 5D. The brane joints in the web are governed by the zero-force 
condition, which is equivalent to the {p,q) charge conservation. Please see [9, 11, 12] for more details. 




(5.1) 
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Hence, when all the brane boxes in the middle of the web collapse to a point for 0j = OVi, 
the external legs can re-connect as two intersecting infinite branes: 




Pulling the two reconnected branes apart (in a direction perpendicular to both branes) 
corresponds to the Higgs branch of the 5D SYM. Note that this branch exists only for 
kcs = 0: for other Chern-Simons levels the external legs cannot reconnect because they are 
not parallel. 

In M theory construction of 5D SYM theories there are similar Higgs branches for kcs = 
only (or = for SU{2)). To obtain an SU{nc) SYM5, we compactify M theory on a 
Calabi-Yau sixfold with a conical singularity of the CY, where the cone's base is a Y^''^ 
Sazaki-Einstein space with p = ric and q = kcs [34, 35]. Or rather, the superconformal point 
obtains from such a singularity while the Coulomb branch corresponds to resolutions of its 
Kahler structure. For q = (and only g = 0) we may also deform the complex structure of 
the singularity, which requires keeping the Kahler structure unresolved; in field theory this 
corresponds to a Higgs branch with frozen Coulomb parameters/moduli h = and (pi = Vz. 
The reason cones over Y^'^ are special in this way is that they are Zp orbifolds of the conifold, 
whose complex structure has one deformation mode; this mode is Zp invariant Vp, and so 
it's inherited by the orbifolds. Other cones with q have rigid complex structures which 
cannot be deformed; consequently, SYM theories with kcs 7^ do not have Higgs branches. 

The goal of this section is to deconstruct the Higgs branch of SYM with kcs = — as well 
as similar Higgs branches in some strongly-coupled SQCD5 theories — via exotic baryonic 
branches of the quiver theory. But first, we need to look at the ordinary baryonic branches 
of a quiver with generic Uc, Uf, and AF. As discussed at the end of §2, classical baryonic 
branches have squark and antisquark VEVs as in eq. (2.48) (modulo a flavor symmetry). 
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and their existence requires ric zero modes in the quarks' mass matrix, thus eq. (2.43) for the 
Coulomb moduh (pi. Actually, (2.43) is an overdetermined system of ric equations for ric — 1 
independent moduli, hence a baryonic branch exists only if mi + • • • + = (modulo 
27ri/La), or in 4D terms, if /if x ■ ■ ■ x /i^^ = V^""". Of course this is all modulo a flavor 
symmetry, so in general a baryonic branch with flavors fi, ■ ■ ■ , fuc exists if and only if 

Yl = V^""^. (5.3) 

/GBaryon 

Obviously this condition excludes 4D flavors with // = 0, so classical baryonic branches 
involve only the 5D flavors with // = ye""* 7^ 0. 

In the quantum theory we cannot look at individual squark VEVs; instead, we analyze 
VEVs of gauge-invariant chiral operators. In our 4D paper [25] we found that the off- 
shell chiral ring of the quiver theory contains a whole zoo of baryon-like operators, but in 
the on-shell ring, they are all related to each other via equations of motion (AKA Konishi 
anomaly equations). Consequently, for each choice of ric distinct flavors, there is at most 
one independent baryonic VEV (and likewise, one antibaryonic VEV). And similar to the 
classical theory, such (anti) baryonic VEVs over-determine the Coulomb moduli, although 
eq. (5.3) is corrected by instanton effects. The exact constraint is best stated in terms of the 
spectral curve (4.2) of the quiver: A baryonic branch exists when the curve has no branch 
cuts at all; instead, it factorizes according to 

- P{X) X r + {-lfaB{X) ^ {y - M^)) X (y - {-lfaB2{X)^ = (5.4) 

where 

Bi(X) = Yl (^-A*^) of degree = ric (5.5) 

/SBajryon 

encodes masses of flavors involved in the baryonic VEV, and 

B2(X) = n ~ '"^) ^ F - ric (5.6) 

/^Baryon 

encodes masses of the remaining flavors. Factorization of the spectral curve implies that the 
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link resolvent T{X) {cf. eqs. (4.12-14)) has poles instead of branch cuts: 



^ — ^ on the physical sheet, 

/GBaryon 



^ on the unphysical sheet. 

^ /^Baryon ^/ 

(5.7) 

Note that the poles differ between the two Riemann sheets, and consequently the Coulomb 
moduli uji — V^e^^'^^ do not match the poles; instead, eq. (5.4) imphes 

P{X) = Y[{X-zUi) = B^{X) + i-lfaxB^iX). (5.8) 

i=l 

Physically, the first term on the right hand side reproduces the classical eq. (5.3) for the 
moduli of a baryonic branch, while the second term is the quantum correction; it arises at 
the one-diagonal-instanton level (one instanton in the SU{nc)diag, i- e. one instanton in each 
SU{nc)e factor). Eq. (5.7) over-determines the moduli: in order to maintain the product 
constraint (4.7), the masses must satisfy 

/eBaryon /^Baryon 

Unlike its classical analogue (5.3). this formula involves masses of all F flavors rather than 
just the Uc flavors involved in the baryonic VEVs. In particular, it involves flavors with 
II — 0, if any, and this gives rise to two distinct types of baryonic branches: they either 
contain none of the /i — flavors, or else they contain all of them at once. 

Ordinary baryonic branches are of the first type: all Uc flavors have fi = \/e"™ ^ 
and are visible in 5D. For AF > 0, eq. (5.9) for such branches reduces to the classical 
formula (5.3), or in 5D terms X^/gBaryon ~ ^- However, the moduli ipi suffer quantum 
corrections according to 

ric 

Yl{x - e^"'^*) = n ~ ^^"""O + (-1)^6"^"^ X X Yl {x - e^""*/) . 

i=l /SBaryon /^Baryon 

(5.10) 

In the decompactification limit La — > cxd, the second term on the right hand side becomes neg- 
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ligible if the coupling is weak enough; in this regime we recover the classical constraint (2.43). 
On the other hand, for strong coupling the second term remains important even in the 5D 
limit; we shall see an example of such quantum shift of the baryonic branch in §6.3. 

Baryonic branches of the second type are exotic: they involve /i = flavors, indeed all 
AF of them, plus {ric — AF) 5D flavors to complete the baryon. Clearly, such branches 
require F = Uf + AF > ric but AF < ric] in 5D terms this amounts to a constraint on the 
Chern-Simons level: 

Ti f 

Exotic baryons exist only for \kcs\ — ~2 ' -'--'-) 

In particular, in SYM theories with nj = 0, the exotic baryonic branches exist only for 
k^^ = (6 = for Uc = 2). 

For an exotic baryonic branch, eq. (5.9) depends on the coupling a as much as on the 
masses /i/; solving it for a gives us 



-I L 



n 

/^Baryon 



(5.12) 



or in terms of S and H parameters (c/. eqs. (4.24) and (4.28)) 

5D only 5D only 5D only 

/^Baryon /^Baryon /GBaryon 

In particular, for a SYM theory with k^s = 0, the exotic branch requires H = 0. For other 
values of the coupling H — either too weak or too strong — exotic baryons cannot develop 
VEVs. This behavior is in perfect agreement with the Higgs branch of the brane web (5.2): 
To pull the web apart in the out-of-plane direction, the external legs of the web must be 
perfectly aligned, which means h = exactly, no more and no less. 

The (pi moduli of an exotic baryonic branch are constrained by 

ric 5d 5d 

JJ (x - e^'^^^) = x^^x Yl {x - e^""*/) + (-1)^6"^"^ H ~ ^^""O ' ^^-l^) 

2=1 /GBaryon /^Baryon 
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or in light of eq. (5.13), 



ric 5d 5d 

Y[{x - e"""^^) = X II {x - e^"'"/) + (-1)^ II {xx e"^"'"/ - l) . (5.15) 

i=l /SBaryon /^Baxyon 

Note that both terms on the second line here are of comparable magnitudes and both remain 
important in the decompactification limit. In particular, ior Uf — and AF — ric (the SYM 
theory with kcs — 0) the first term becomes x"^ while the second term is ±1. Together, they 
provide for 

Y[{x - e-^"^*) = x''^±l ^ La^k = 2mxk or 2mx{k--), k = l,...,nc, (5.16) 

k=l 

or in 5D terms, all (pk — 0. Together with the h — condition, this brings us to the 
superconformal point where the exotic baryonic Higgs branch meets the Coulomb branch. 
Again, this is in perfect agreement with the string theory: in terms of the brane web (5.2), 
aligning the external legs (setting h — 0) is not enough, one must also collapse all the cycles 
(by setting all (/)fc = 0) before pulling the web apart {i. e., turning on a hypermultiplet VEV). 

In [25] we rejected the exotic baryonic branches because of their link resolvents: according 
to eq. (5.7), when a baryonic branch involves a, /j, — flavor, T{X) has a pole at X = on 
the physical sheet. This implies that the product Q^, • • • Qi of link fields has a zero eigenvalue 
— or rather AF zero eigenvalues, judging by the residue of the pole at X — — and we 
thought that to be impossible since all the matrices are invertible. In retrospect, that 
was a mistake. 

Indeed, in the quantum theory (det(ili, • • • r2i)) ^ (det(O^)), and in [25] we have 
actually calculated the quantum corrections to (det(Qi • • • Qi)) arising from instantons in 
the diagonal SU{nc)dia.g as well as instantons individual SU{nc)e factors. But somehow, we 
overlooked the possibility that the quantum corrections may cancel the classical contribution 
and lead to (det(Qi • • • Jli)) = despite invertibility of the individual matrices. For an 
example of such cancellation, consider a quiver with F — ric, in which case 



(^det(x - = P{X) - (-1)"'=xq; 
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(5.17) 



(c/. [25] for details), and hence 



(det(QL---Qi)) = - a = X (1 - e-^"^) ^0 for = 0. (5.18) 

More generally, for a quiver with F > ric the characteristic polynomial of the link product 
is given by 

(dct(.Y - a, . ..a,)) = Polj^onJal pa.t o£ W^'W - 4(-l)^«5W 

(6.19) 

When the quiver has a baryonic branch — ordinary or exotic — and the spectral curve 
factorizes according to eq. (5.4), eq. (5.19) reduces to 

/ / \ \ f Bi(X) on the physical sheet, 

detfX - Ql---Qi)) = <^ ' ' ' (5.20) 

^ ^/ \{—l) aB2{X) on the unphysical sheet, 

in perfect agreement with the link resolvent (5.7) of a baryonic branch. In particular, for an 
exotic branch, the determinant (5.20) has precisely AF zero eigenvalues, which agrees with 
T{X) having a pole of residue AF at X = on the physical sheet. 

To summarize, quiver theories with AF < ric < AF + Uf (which correspond to SQCD5 
with \kcs\ < -y) have exotic baryonic branches involving = flavors. Such branches exist 
only for specific values of the coupling H as well as of the Coulomb moduli ipi] in particular, 
for the SYM with kcs = (or = for ric = 2), the exotic baryonic branch grows out of the 
5D superconformal point h = 0, (pi = Vi. In string implementations of the same 5D SYM, 
the existence of a Higgs branch at the superconformal point is well-known, but its baryonic 
nature is a novel result. 



48 



6. SU{2) Examples of Phase Structures 
and Flop Transitions. 



In this section we present four examples of deconstructive quiver theories and study their 



strongly coupled SU{2)i factors of the quiver theory at the 4D 5D threshold 1/a. However, 
thanks to unbroken M = 1 SUSY in 4D, the holomorphic spectral curve (4.21) remains non- 
perturbatively exact despite the strong coupling, and thus may be used for deconstructing 
the exotic phases of 5D theories. 

Our presentation here is quite detailed, which makes for a rather looooong section. So let 
us state our main result upfront: in all examples, the deconstructed SQCD5 has exactly the 
same phase diagram as the string-theoretical UV completion of the same 5D theory. And 
now, the readers who are not interested in technical details may skip over many formulae in 
this section and just look at the phase diagrams themselves; they appear on pages 59, 67, 
75-76, 82, 85, and 87. 

For simplicity, all our examples have Uc = 2 and hence Coulomb branches with only one 
abelian gauge coupling, and also only one independent modulus ip = Lp2 = — V^i; without loss 
of generality we assume = Re*/? > 0. In 4D, the quiver theory with ric = 2 has an ellip- 
tic rather than hyperelliptic spectral curve (4.21), with four branching points Xi,X2,X3,X4 
located at roots of the quartic equation 



D{x) = (x' - 2cosh(La(^) x x + 1)' - 4(-l)^e-^"^ x JJ (x - e^"'"^) = 0. (6.1) 



phases for h 




> and h < 0. In 4D terms, negative h means |A| > \V\ and hence 



The 4D abelian gauge coupling r — or rather its invariant 



= e 



+ 744 + a convergent power series in e 



+ 2lTiT 



(6.2) 



under electric-magnetic duality — follows from the cross-ratio 



X = 



(Xi - X4)(X2 - X3) 
(Xi -X2)(X3 -X4) 



(6.3) 
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of the branching points according to 




-256 



(x' + x + i)' 



(6.4) 



A finite 5D couphng corresponds to Imr oc La and hence exponentially large j; in terms of 
the cross ratio (6.3), this means X — > 0, x — > —1, or % — > oo, with 



Our first two examples have Uf — in 5D, but the 4D quivers do have /j, — quarks, 
AF = 1 in the first example (§6.1) and AF = 2 in the second example (§6.2).^^^^^ In 5D, 
both examples yield SYM theories for h > 0; according to eq. (3.30), the first SYM has 
vacuum angle 9 = tt while the second has ^ = 0. But we shall see that the h < regimes of 
the two examples are very different: the AF = 1 model has two distinct Coulomb phases — 
the SYM phase and the Eq phase — separated by a flop transition, while the AF = 2 model 
has only one Coulomb phase, but it also has a Higgs phase (which we deconstruct as the 
exotic baryonic branch). In string theory constructions, these two 5D theories are properly 
known as the Dq (for ^ = 0) and the Dq (for 9 — n), although they are often called Ei and 
El after their respective superconformal limits at h — (f) — [2]. In this article however, we 
call them Dq and Dq because we focus on deconstructing the non-conformal Coulomb and 
Higgs phases of the two theories. 

In §6.3 we present two more SU{2) models, this time with two quark flavors in 5D. For 
simplicity, we restrict our analysis to equal masses (modulo sign) for the two flavors. The 
flrst model has mi = —m2 and AF = 1 while the second has mi = m2 and AF = 0; we 
present them together in §6.3 because their spectral curves are dual to each other. However, 
the quiver theories themselves are not dual, and even their moduli spaces are not quite dual. 
In particular, the AF = 1 model has more Higgs branches than the AF = model. 



(10) There is also a distinct theory with AF = 0; it was studied in much detail in [20]. But this theory has h>0 
only, and it does not have any phase transitions at all. 




where T — 




(6.5) 
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6.1 The Dq Model: = 2, n/ = 0, AF = 1. 

We begin with the flavorless SU{2) model with ^ = tt, or in 4D quiver terms, ric — 2, 
n/ = 0, and AF = 1. The spectral curve of this model has branching points at roots of the 
discriminant 

D{x) = (x^ - 2cosh(La<^) x a; + 1)^ + 46"^"^ x x = 0. (6.6) 

There is no simple general formula for these roots, but in the La ^ oo limit there are simple 
approximations for various regimes oi h = Ke{H) and (f) = Re((y9). As a warm up exercise, 
let us start with the h> regime and reproduce the Seiberg's formula [1] for SU{2): 

^^^SFM " ^ (8-n/)x</.. (6.7) 
For /i > and also h,(f)^ the four roots of eq. (6.6) lie approximately at 

xi,2 ~ e+^"'^ ± 2^e-^"(■^+'^)/^ ^3,4 ~ e"^"'^ ± 2i e-^^^^+^'^^Z^ (6.8) 
and have a large cross-ratio (6.3) 

X ^ e^"(^+'^) (6.9) 

Hence, according to eq. (6.5) 

T ^ 2h + 80, (6.10) 

in perfect agreement with the Seiberg's formula (6.7). 

Another useful cross-check of the h > phase is to reproduce the SU (2) restoration 
in 5D for — > 0. In 4D terms, classical SU{2) restoration happens for La(p — or ni 
(modulo 27ri); the two allowed values of the Wilson line are due to particles having 
charges ±2 in fundamental (quark) charge units. Moreover, quantum effects in a classically- 
unbroken SU{2) SYM spht a single singularity into a close pair of Seiberg-Witten points 
where magnetic monopoles or dyons become massless and ^(t) has a pole. In Seiberg-Witten 
terms, tr((adjoint scalar)^) corresponds to [La^pY or [La^p — niY while the strong-coupling 



51 



scale Ag^ of the 5D theory compactified to 4D {i.e., the diagonal SU{2) of the quiver) 
corresponds to ±e~^"-'^. Hence, we expect j(r(9?)) to have poles at 

{La^f = ±0(e-^"^/2) and {La^ - mf = ±0(6"^'^^/') (6.11) 

In terms of the spectral curve, a pole of j means that two of the branching points xi, X2, xa, X4 
collide with each other. To see how it happens in the our model, let's take the sinh^ (Layj) 
limit of eq. (6.6). In this limit, all four branching points cluster around ±1 (depending on 
the sign of cosh(Lav9)), so to resolve the situation, we shift and rescale 



D'ix 



X = x' X sinh(Lav9) + cosh(Lav9), (6.12) 
Dix) 



sinh [Laif) 



^ {x'^~lf ± 4 / (6.13) 
smh [La(p) 

The rescaled discriminant has a double root when the second term on the last line above 
equals to — 1, or in terms when 

{Laip)^ ^ ±216-^""^^ or {Laip - ^ ±2e~^^"^^, (6.14) 

in perfect agreement with eq. (6.11).^^^'* Thus, we conclude that the — > limit in the h > 
regime of the quiver theory properly deconstructs the SU (2) restoration in 5D. 

Now let us consider the negative h regime of the theory. In this regime, the roots of 
eq. (6.6) form three different patterns depending on the ratio of to —h: 

• For > {—h) > 0, the pattern is similar to the h > regime, and the roots lie at 

xi,2 ~ e+^"^ ± 2i e-^"(-^+^)/2^ 0:3,4 ^ e"^'^^ ± 2i e'^'^^^+^^^Z^ (6.15) 



-LaH 



(11) Note that the ip moduU space in 4D is a half-cyhnder: besides the ip = (p + {2-Ki/La) redundancy of the 
Wilson line, we also identify (f = —Lp because of the symmetry between the two eigenvalues p>\ = —p>2- This 
space has two Z2 orbifold singularities at Lap> = or ttz, and the proper single- valued coordinates near these 
points are respectively (Lap)^ and {Lap) — -KiY . Therefore, eq. (6.14) describes four singularities rather then 
eight. 
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Consequently, the cross ratio (6.3) is x = ^ gLa(i?+4<^)^ ^-^^ inverse coupling is 

T = 2/i + 80, (6.16) 

exactly as for /i > 0. 

For (p < {—h) but 4> > {~h/3) > 0, the pattern is slightly different: 

butx3 ^ _2e-^<H+2^)^ (6.17) 
andx4 ^ -|e+^"-^. 

In this case, the cross ratio is x = | QLa{'iH+9<fi)/2 ^ hence the 5D inverse coupling is 

T = 3/i + 90. (6.18) 

Finally, for < < {—h/3) we have a very different pattern of one small root and 
three large roots equidistant from each other: 

A; = 1,2, 3, (6.19) 

For this pattern, the cross-ratio is x ~ e~^'^*/^ — e^"-^^'^^-^'^/^ , and hence 

j(r) ^ 5i2e+M^^+3<^) ^ i. (6.20) 

Such small j indicates strong rather than weak 4D gauge coupling: r asymptotes to a 
self-dual point e^'^^^ (a corner of the TeichmuUer space) and stops depending on (p as 
long as < {—h/3). In 5D terms, such strong r deconstructs to 

T = ^5ZM (6.21) 
La 

i. e., 5'5d[^(1)] = 0{La) and becomes infinite in the decompactification limit. 
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Let us summarize the various regimes of the deconstructed T(0, h) behavior in one pic- 
ture: 




(6.22) 



The blue and red hne here plot T(0) for fixed values of h. The blue line is for the h > 
regime, and the solid blue circle at its end indicates SU{2) restoration in 5D for = 0. 
The red line is for the h < regimes, and the open red circles indicate regime changes at 
= {—h), (j) = {—h)/3, and maybe = 0; we shall investigate them momentarily. 

Let us start with the right circle and take a closer look at the spectral curve of the 
deconstructed theory for (f = —H + 0{1/La). In this regime, two roots of the curve's 
discriminant (6.6) as in eqs. (6.15) and (6.17), 

xi,2 ~ e+^"^ ± 2ie-^''(^+^)/^ (6.23) 

while the other two roots X3, satisfy a quadratic equation 

{e^^^xf - 2 (1 - 2e-^'^(^+-^)) x (e^'^^x) + 1 = (6.24) 

and collide with each other for La{ip + H) = (modulo 27ri). This collision creates a pole 
in jXt), indicating a charged particle becoming massless at this point in the moduli space. 
Since the 4D coupling r is generally very weak in this area, we conclude that the massless 
particle's charge is electric rather than magnetic. Also, a single pole at a unique (modulo 
27r) value of the Wilson line indicates the charge is ±1 in fundamental units. In other words. 
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the massless 4D particle is a quark, and it deconstructs a 5D quark which (in the h < 
phase) becomes massless at cj) — {—h). 

Note that the 4D quiver of our model does have quarks, but perturbatively they have 
no hght modes (with masses <S (1/a)) and thus decouple from the 5D physics. Apparently, 
when the quiver theory is strongly coupled for /i < 0, those quarks somehow become light 
and show up in 5D. In other words, the h < phase of the deconstructed theory has a quark 
flavor that the h > "ordinary SYM5" phase does not know about. 

Now consider the left red circle at = 0. In the h < regime, the spectral curve does 
not degenerate when Laip becomes small. Instead, the four roots of the discriminant (6.6) 
form the same pattern (6.19) as for > (but < (— /i)/3), and nothing special happens 
for La(p — 0(1). In 5D terms, there is no 5D SU{2) restoration in the h < phase for = 0, 
nor anything else special at this point. 

But after this disappointment, the middle red circle at = {—h)/3 turns out to be very 
interesting. Looking at the spectral curve's discriminant for 3(f + H — 0(1/ La), we find one 
small root X4 ~ ^e"*"^"^ and three big roots ^1,2,3 governed by a cubic polynomial 

(e-^"'^x)^ - 2(e-^"'^x)^ + (e-^"'^j;) + 4e-^"(^'^+^) = 0. (6.25) 

For large e"^"^^'^^^) these roots form an equilateral triangle as in eq. (6.19), while for small 
^-La{3<p+H) -j-j^g jg smaller than the Xi^2 roots as in eq. (6.17). And for an inter- 

mediate value of (>^La(3ip+H) _ -j-^Q ^Yic roots collide and the spectral curve degenerates. 
In Laip terms, the degeneration happens at three distinct points 

LaH li^ii k — -) 

Lacpk = h logs H ^ ^ (modulo 27ri), 1,2,3. (6.26) 

3 3 

Moreover, at each point the degeneration is due to coUision of a different pair of roots, which 
leads to distinct, non-commuting monodromies around each point. In physical 4D terms, 
this means singularities due to massless particles of different charge types: electric, magnetic, 
and dyonic. And reconstructing this behavior in terms of a 5D theory compactified on a 
large circle calls for a nontrivial superconformal theory in 5D. 
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Specifically, this pattern of three singularities related by 27ri/3 Wilson lines is character- 
istic of compactified 5D SCFT known as the Eq. Unlike the other SCFTs in the En series 
which obtain in the h limits of SU (2) gauge theories with n — 1 massless flavors, the 
Eq is an isolated SCFT. It has a dynamical modulus field (p, but it does not have any non- 
dynamical parameters (like h or quark masses) one needs to tune to obtain superconformal 
behavior for = 0. In 5D, is a real field which takes non- negative values only, but after 
compactification to 4D, it becomes a cylindrical complex variable whose real part could be 
either positive or negative. However, for negative Re the 4D gauge coupling r asymptotes 
to a selfdual point — which corresponds to infinite 5D coupling — while for positive Re the 
4D coupling is weak, Imr oc 2TrR, which indicates finite coupling in 5D, specifically T = 90. 
Comparing this behavior to our quiver theory with h < and ~ {—h)/3, we immediately 
see that the 5D theory here is the Eq SCFT whose Coulomb modulus can be identified as 
= 0-|(-/i). 

Altogether, at this point we may complete the figure (6.22) as follows: 



SU{2) restoration 
no SU(2) restoration 




a massless quark 



(6.27) 



Again, the blue line here plots T(0) for a fixed h > while the red line plots T(0) for a 
fixed h < 0, but now we have identified all interesting points on both lines. Also, the red 
line is now dotted left of the Eq point (0 < < |/i|/3) to indicate that this regime does not 
really exist in five infinite dimensions but only in the compactified theory. Indeed, in the 
decompactification limit La oo, the distance between the Eq point and the = point 
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disappears in the field metric 



via 5D SUSY 



1 



v/3/87r 



(6.28) 



glomi)] 



La 



and the whole range of < (p < {—h/3) becomes invisible. 

Such disappearance of 4D phases upon decompactification to 5D is well known in the 
string theory context. For example, when a type IIA superstring on a Calabi-Yau manifold 
is promoted to M-theory on the same manifold, the non-geometric phases of the Calabi-Yau 
disappear from the 5D physics because the moduli space regions where they live collapse 
to to zero volume in the decompactification limit. The collapse happens due to difference 
between the 5D (A/" = 1) and the 4D (A/" = 2) supersymmetric geometries and does not 
depend on any inherently stringy physics; any other UV completion allowing 4D 5D 
decompactification of a field theory should behave in a similar way. 

And that's precisely what we see in the spectral curve of our deconstructed theory. When 
compactified on a circle, the theory acquires a "non-geometric" phase occupying the < < 
{—h)/3 range of the moduli space, but this phase disappears in the decompactification limit 
La ^ oo. Since the deconstruction process requires finite L and hence finite fifth dimension, 
we have duly deconstructed the non-geometric phase of the compactified theory. But we 
should not try to interpret this phase in 5D terms because it's an artefact of compactification. 



Let us briefly compare our deconstructed example to a string-theoretical UV completion 
of the same 5D theory, i. e., Dq. Specifically, let us use the type I' superstring (orientifold of 
the type IIA on a circle) where the Dq is realized on a D4-brane probe located near and 08 
orientifold plane; the other 08 plane and all 16 D8 branes are far away from the probe. The 
5D scalar field (p corresponds to the distance between the D4 and the 08; perturbatively, 
the gauge theory on the probe is enhanced from U{1) to SU{2) for = 0. The vacuum 
charge —8 of the orientifold plane creates dilaton gradient in the direction, which makes 
the gauge coupling on the probe dependent with derivative dT/d(f) = +8. As long as the 
dilaton's value at the 08 itself is finite, this gives us T = 2/;, + 80 with h > 0, precisely as for 
the "ordinary SYM5" phase of the deconstructed theory, cf. the blue hne in figure (6.27). 
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For /i — > the dilaton value at the 08 blows up and the type I' perturbation theory breaks 
down, but the S-duality between type I' and heterotic strings allows analytic continuation 
into the non-perturbative h < phase. In this phase, the dilaton always blows up at the 
orientifold plane, but the vacuum charge of the plane changes from —8 to —9, and an extra 
D8 brane appears out of the 08 to balance the charge; the distance between the 08^^ and 
the new D8 is proportional to ~h. Putting a D4 probe right on top of the orientifold in this 
phase leads to the Eg superconformal theory on the probe [2] . And when we move the probe 
away, we get the Coulomb branch of the Eg, comprised of one massless vector multiplet with 
Chern-Simons self-coupling A; = 9, or in terms of the gauge coupling, T — 94>. Note the 
Chern-Simons level k — 9 here, it is characteristic of the Eq theory. 

But besides the vector multiplet living on the D4 probe itself, there is also a quark 
hypermultiplet due to open strings between the D4 and the D8 brane (which was emitted 
by the orientifold plane during the phase transition). This quark is generally massive but 
becomes massless when the probe reaches the D8. And when the D4 probe moves beyond the 
D8, the quark becomes massive again but its 5D mass flips sign; consequently, the Chern- 
Simons level of the U{1) vector multiplet reduces from +9 to +8 and hence dT/dcp = 8 
rather than 9. Altogether, we have 



Again, this behavior is in perfect agreement with the deconstructed theory with h < 0, cf. 
the solid part of the red line in figure (6.27). 

Finally, the non-geometric phase of the deconstructed theory — cf. the dotted part of 
the red line for < < {—h/3) — does not have any counterpart in the type I' string theory 
because we haven't compactified it to 4D. To see this phase in a string implementation of 
Dq we would need a 4D jV' = 2 construction — for example a D3 probe near a cluster of 
four (p, q) 7-branes in type IIB string, or a type IIA string on a singular Calabi-Yau with 
a collapsed dPi 4-cycle — but this gets us too deep into string theory and away from the 
main subject of this paper. 




for < < m, 




'6) 



(6.29) 
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Instead, let us go back to the deconstructed theory and draw its phase diagram in the 
{h, (j)) parameter space: 



Eo SOFT , 



masslcss cjuark 




(6.30) 



/i > 



no SU{2) restoration 



El SOFT 



SU (2) restoration ■ 



Note that for fixed > there is no phase transition across the h = line. In 4D, the 
branching points of the spectral curve follow the same pattern on both sides of this line — 
cf. eqs. (6.8 and (6.15) — and there are no singularities for H 0. Consequently, the 5D 
physics also continues unperturbed, and the h > SYM5 phase continues to negative h. 
Instead, the transition to a new phase — which we identify as a Coulomb branch of an Eq 
theory (with some massive fields added) — happens at h = —0. Along this transition line, a 
charged hypermultiplet (a quark) becomes massless while the gauge coupling remains finite. 
In M-theory terms, such transition is a fiop where a 4-cycle changes the sign of its area. 

When the parameter h becomes more negative and reaches h = —3(j), the 5D coupling 
becomes strong and there is a transition from the Coulomb phase of the Eq to the supercon- 
formal phase. In M-theory terms, this transition corresponds to 4-cycle (shaped as a P^) 
collapsing to a point rather than fiopping the sign of its area. And left of the transition line 
h = —30 lies the non-geometric phase, which exist in 4D compactifications of the 5D theory 
but not in five infinite dimensions. 
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The two transition lines intersect at the (/i = 0, = 0) point. The 5D physics here is 
superconformal, but the SCFT is Ei rather than Eq. In the type I' string construction of this 
SCFT point, the dilaton blows up at the 08 orientifold plane which is just about to emit a 
D8 brane but has not done it yet, and the D4 probe sits right on top of this strongly-coupled 
mess. The spectral curve of the 4D quiver theory is also rather messy at this point, or rather 
its 0(1/ La) neighborhood in the {H,(p) space: r is generally strong here, and there are 
four singular lines with non-commuting monodromies around them. But the general type of 
singularities agrees with the Ei SCFT compactified to 4D [7]. 

In string theory, the simplest way to produce the phase diagram similar to (6.30) — 
without the non-geometric phase, of course — is via the {p, q) 5-brane web construction in 
type IIB superstring. For the Coulomb branch of the SYM phase, the brane web of the Dq 
model looks like 



• > 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 




• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• > 


h ; 
< H 











(6.31) 

Note that the non-dynamical h parameter here corresponds to relative position of the semi- 
infinite external lines, while the dynamical modulus controls the internal lines only. For = 
and h > 0, two brane segments become coincident (the dotted lines on the diagram (6.31)) 
over length h, and the string connecting these branes produce an SU (2) SYM with 5D gauge 
coupling oc 1/h. 
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For h < but > 0, the web flips between two topologies according to the sign of + /i: 




(6.32) 

The left web here — for h < but h + (p > — has the same topology as the h > 
web (6.32); it corresponds to the extension of the SYM's Coulomb phase from h > to 
—(f) < h < 0. The right web — for h + (p < but /i + 30 > — has a different topology 
and describes a different phase of the theory, namely the Coulomb phase of Eq (the upper 
triangle of the web) with an extra massive hypermultiplet (the lower fork). The two webs are 
related by a segment flop; this is dual to a 4-cycle flop in M-theory. At the flop transition 
itself (at h + (j) = 0), there is a 4-brane junction which looks like an intersection of two 
branes. Here the strings connecting the intersecting branes give rise to a massless charged 
hypermultiplet: 




(6.33) 



On the other side of the Coulomb phase, for h = 
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—30 the triangle collapses to a point. 



In 5D terms, this corresponds to a non-trivial SCFT, in this case Eq: 




(6.34) 



In addition, there is a massive hypermultiplet due to the fork in the lower part of the web. 

A different SCFT, namely Ei obtains at /i = = when the whole web (except for the 
external legs) collapses to a point: 




(6.35) 



Finally, for + 30 < the web cannot be build; this impossibility in 5D corresponds to a 
non-geometric 4D phase of the deconstructed theory. 

6.2 The Dq Model: Uc = 2, n/ = 0, AF = 2. 

Our second model is also an SU{2) SYM in 5D, but with 9 = Q instead of = tt. In 4D 
quiver terms, this calls for Uc = 2, n/ = 0, and AF = 2, hence spectral curve 

- y X (x^ - 2x cosh(La(/?) + l) + e'^^^ x = 0. (6.36) 

The discriminant equation (6.1) for the branching points of this curve factorizes into two 
quadratic equations 

- 2 cosh(La(/?) x x + 1 = ±26"^"^/^ x x, (6.37) 
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hence 



xi,4 = cosh(La(/?) + e-^""''^ ± J {cosh{La^) + e-^^H/2f _ 

I (6-38) 

X2,3 = cosh(La(^) - e-^""'^ ± y(cosh(La(^) - e-^«^/2)^ - 1. 

For /i > these branching points he approximately at 

xi,2 ~ 6+-^"'^ ± 2e-^"^/^ X3,4 ~ e-^"*^ ± 2e-^"(■^+^'^)/^ (6.39) 

and although this pattern is somewhat different from eq. (6.8) for the previous model, it has 
a similar crossratio (6.3) X — e~^"'^^'^^'^^ and therefore leads to the same gauge couphng 

T = 2/i + 80, (6.40) 

c/. Seiberg formula (6.7). Likewise, there is SU{2) restoration for — > and h > 0. Indeed, 
the branching points (6.38) degenerate {xi — 2:4 or X2 — X3) when 

cosh(La99) = ±1 ± e-^""/^, (6.41) 

and for /i > this happen for 

{Laiff ^ ±2e-^"-^/' or {La^ - irif ^ ±2ie-^"^/^ (6.42) 

Clearly this makes two close pairs of Seiberg-Witten points according to eq. (6.11), which 
indicates SU{2) restoration in 5D. 

But despite the similarity between the AF = 1 and AF = 2 models for /i > 0, their 
/i < behaviors are very different. In the present AF = 2 model, for > 0, the branching 
points 2^1,2,3,4 follow the pattern (6.39) as long as /i > —20. In 5D terms, this means that the 
SYM phase persist to negative h as long bs h > —20. And for h < —20 things are getting 
seriously weird: the branching points asymptote to 

xi,2 ~ ±2e-^«^/^ 0:3,4 ~ Tie+^"-^/' (6.43) 

regardless of ip, the crossratio becomes x ~ — 7 e~^"'^ 3> 1, and all this translates to a finite 
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but 0-independent 5D gauge coupling 

T = 2\h\ > whenever h < -2(f) < 0. 



(6.44) 



Finally, for /i < the SU{2) restoration happens not at 
Indeed, in this region, the degeneration loci (6.41) become 



but at = {-h)/2. 



La^ ^ -\LaH + log(2) + {0 or m} ± e+^^'-f^/^ 



(6.45) 



which makes two exponentially close pairs (note q+^'^^I'^ <^ i) whose centers differ by a 
Wilson line = vr; as in eq. (6.11), this is how the SU{2) restoration in 5D looks to the 4D 
spectral curve. On the other hand, the curve does not degenerate for h < and ~ 0, so 
there is no SU (2) restoration there. 

Altogether, we have 



SU{2) restoration 




(6.46) 



where the dotted red line for h < and < (p < \h\/2 denotes something is wrong in this 
regime. Indeed, a finite but 0-independent 5D gauge coupling would normally indicate a 
free U{1) phase, but such a phase cannot possibly connect to an unbroken-S'f/(2) point at 
(j) = \h\/2. Instead, an SU{2) point should be the end-point of the 5D moduli space because 
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of the Z2 C SU{2) reflection of the Coulomb modulus — » —0; in terms, this corresponds 
to identification 

-h - -h 
= ^ + I'/'l =^ 'P always > — . (6.47) 

From the 4D point of view, such premature end of the modulus indicated sudden 
divergence between the ip coordinate of the complex moduli space and between the M = 2 
superpartner A of the abelian vector field. Indeed, 

dA 2sinh(Lacj9) f dx , , 

— = ^\ ^' X d) (6.48) 

dtf 2771 J ^(^x - Xi){x - X2)ix - X3){x - X4) 

where the integration contour is the electric cycle of the spectral curve, i. e. a loop around a 
branch cut connecting Xi with X2^^^^; the pre-integral factor 2sinh(Lay9) here compensates 
for the logarithmic definition of the ip modulus, cf. eq. (4.17). As long as the branching 
points are as in eq. (6.39), eq. (6.48) evaluates to 

^ = 1 + 0(e-^'^(^+2^)), (6.49) 
d(p 

thus in the decompactification limit, A = ip + const with exponentially good accuracy. 
However, when the branching point pattern changes from (6.39) to (6.43) for h + 2(f) < 0, 
eq. (6.48) yields 

dip ^ 

thus the vector's superpartner A no longer tracks (p. Instead, it decouples: as long as 
lieip < {—h/2), the actual value of ip does not matter anymore. 

Consequently, we would like to map ip onto a different holomorphic coordinate which 
tracks ip for Keip > {—h/2) but bottoms out at Rey? = {—h/2) > 0. From the Af = 2 point 
of view it would be best to use the vector's superpartner A itself, but since it suffers non- 
trivial monodromies at the Seiberg-Witten points (6.45), we would rather use something 
simpler. Specifically, we want a holomorphic coordinate which lives on a half-cylinder, 
i. e. = + ^ and = —0, and whose real part Iie0 becomes the 5D modulus {cf. 



(12) A similar contour integral over the magnetic cycle of the curve — a loop around a cut from xi to ^3 — gives 
dAo / d cos}i{Laip) where Ad is the superpartner of the magnetic dual of the vector field. 
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eq. (6.47)) in the decompactification limit. And since </? itself lives on a half-cylinder, the 
map between (/? and (p works according to 

cosh(La(^) = e+-^"^/^ x cosh(La(/?). (6.51) 

As promised, for La oo cq. (6.51) reduces to = [(/^J + and hence eq. (6.47) for the 
real 5D variables and 4>. But near the SU{2) restoration points, the (f variable becomes 
double- valued, hence eq. (6.45) becomes 

Note Seiberg-Witten's tr((adjoint scalar)^) here corresponds to {La(pY or {La(p — Tri)"^, sim- 
ilarly to {LatpY or {Latp — niY for the SU{2) restoration at — >• for /i > 0, cf. eq. (6.42). 

In fact, this symmetry between the two SU{2) restorations at (0 = 0, /i > 0) and (cf) — 
0,h < 0) is an exact symmetry of the spectral curve of the 4D quiver theory. To make it 
manifest, we rewrite the spectral curve (6.36) as 

+ 1^ + e-^»^/2 X (^x + ^ - 2cosh(La99)^ =0, z ^ x -e^"-f^/2. (6.53) 

The coordinates x and z appear here in a similar way, and the curve is symmetric with 
respect to simultaneous exchanges of 

X z, if <-> —H, (p ■f-^ (f (6.54) 

where ip is exactly as in eq. (6.51). 

In light of this symmetry, we deconstruct the 5D phase diagram of our present model — or 



66 



rather its Coulomb branch — as a single phase bounded by two separate SU (2) restorations: 




On this diagram, the 5D coupling has a vertical gradient, the higher the weaker, T — oo 
as one goes up. And in the opposite direction, the coupling becomes infinite (T = 0) 
in the bottom corner h = (f) = (f) = 0, so there instead of a SYM we have a non-trivial 
superconformal theory. To identify the SCFT in question, we consider the degeneration of 
the spectral curve in this region and notice that all four degeneration loci (6.41) pass through 
the 0(1/ La) neighborhood of the {H = 0,ip = 0) point. Moreover, for H = two of the 
four singularities collide at cosh.{Laip) = creating a double singularity. (In Kodaira terms, 
Ji + Ji ^ /2.) This singularity structure is characteristic of 4D compactification of the Ei 
SCFT in 5D, and so we identify the bottom corner of diagram (6.55) as the Ei point. Also, 
there is a baryonic branch here corresponding to the Higgs branch of the Ei. Indeed, at the 
I2 singularity at if = cosh (Lay?) the spectral curve factorizes according to 

- y X {x^ + 1) + = {y - x^) x (y - 1) = 0, (6.56) 

and we saw in §5 that such factorization indicates a baryonic branch with two /i = fiavors. 
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Ideally, to prove the 5D SCFT at/i = = = Ois indeed the Ei, we would like to see 
its enhanced "flavor" symmetry Ei = SU{2). Unfortunately, this symmetry does not show 
up in 4D — presumably, its broken by the deconstruction — and instead, we have to rely 
on less transparent signatures such as singularities of the spectral curve in 4D and the Higgs 
branches. 

•k 



We conclude this section by comparing the phase diagram (6.55) of the deconstructed 
rZc = 2, = 0, ^ = model with a stringy implementation of the same 5D theory, i. e. Do- 
Again, we use the type IIB 5-brane web construction. On the Coulomb branch of Dq, 
regardless of /i > or /i < 0, the web contains a rectangular box: 
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(6.57) 



The left web here is for h > and the right web for h < 0, and the only difference between 
them is which side of the box is longer; the topology is the same, and there is no flop 
transition. For or — whichever happens flrst — the box collapses to a 

pair of coincident line segments (the dotted lines on the diagram (6.57), either web); the 
strings between those coincident branes give rise to an SU (2) SYM with 5D gauge coupling 
gl^l/\h\. 
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For h = and = — > 0, the box collapses to a point 




E, SCFT 



(6.58) 



giving rise to the Ei superconformal theory in 5D. This theory has an SU(2) = Ei global 
"flavor" symmetry, but it isn't manifest in the brane-web picture. Likewise, the decon- 
structed theory does not have an enhanced flavor symmetry at if = at the 4D quiver 
level. Presumably, in 5D the enhanced symmetry is limited to the marginal operators of the 
SCFT, but the irrelevant operators stemming from a UV completion — deconstructive or 
stringy — break the symmetry. 

Finally, the Ei web (6.58) can be reconnected as two intersecting whole branes (inflnite 
in all directions), and then the two branes can move away from each other (in a direction 
perpendicular to both): 



This is the Higgs branch which connects to the Coulomb branch at the Ei point; it corre- 
sponds to the exotic baryonic branch of the quiver theory. 

To summarize, we have seen that the deconstructed Dq theory has exactly the same phase 
structure as the Dq completed via string theory. 




(6.59) 
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6.3 Models with Flavor: nc = nf = 2. 



In this section we explore two models with Uf — 2, one model with AF — 1 and the other 
with AF = 0. Each model has three non-dynamical parameters, namely h, mi, and m2, 
but for simplicity we restrict our analysis to |mi| = 1 777.2! where in 5D we expect U{2) flavor 
symmetry for 777 7^ and 5*0 (4) for 777 — 0. 

Wc begin with the AF = 1 model with 7772 = — 7?7i = 7?7 > 0, or in 4D terms //i,2,3 = 
(Y^-aM ^ Y^+aM ^ q-j ^j^g].g Re(M) — 171, hcucc the spectral curve 

y"^ - yx[x^ - 2 cosh(La(^) xx + l^ - e'^"^ xxx(^x^ -2 cosh(LaM) x x + = 0. (6.60) 

Note that for M 7^ 0, the flavor symmetry of the quiver theory itself is U (1)^ rather than U (2), 
but the discrete C symmetry (4.25-27) of the spectral curve permutes the two 5D flavors 
and hence acts as a custodial symmetry: it assures that the low-derivative operators in 5D 
are U{2)f invariant, although the higher-derivative operators do not have this symmetry. 
And for M = (or M = ■^) the quiver has flavor symmetry U{2), but C acts as a custodial 
symmetry of the U{2) — > SO{A) symmetry enhancement in the 5D continuum limit. 

Along the Coulomb branch, the spectral curve (6.60) generally has four branching points 

at 



xi,4 = a ± Va^ - 1 , X2,3 ^ b± - 1 (6.61) 

where 

a, 6 = cosh(La(/?) - e'^"" ± e'^""'^ x ^J2 cosh(LaM) + e-^""^ - 2 cosh(La(/?) . (6.62) 

The curve has four simple singularities (/i in Kodaira terms) at 

sinh^^ = ±e-^"^/^sinh^ and cosh^ ^ = ie"^"^/^ cosh ^ (6.63) 

2 2 2 2 ^ ' 

where two of branching points coincide. For 

cosh(La(^) = e-^"^ = e=F^"^ (6.64) 
two of the singularities (6.63) merge into a double singularity, Ii -\- Ii — > 12- In addition. 
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there is another double singularity at 

2cosh{Lacp) = 2cosh(LaM) + e-^"" . (6.65) 
At all these double singularities the spectral curve factorizes: 



for (6.65), {y - {x - e"^"^) {x - e+^'^^)) x {y + e-^^^x) = 0, 
for (6.64), {y - x{x - e^-^"^)) x (y + (e^-^"^x - l)) = 0. 



(6.66) 



According to §5, this indicates baryonic branches connected to the Coulomb branch at these 
points, namely the ordinary baryonic branch B12 at (6.65), and exotic baryonic branches B13 
and B23 at (6.64). (The subscripts of B here refer to the flavors of the baryonic VEV.) In 
the decompactification limit La —> 00, the locations of these baryonic branches become 

B12 branch : = max(m, —h), (6.67) 
i?i3 branch : = 0, h = m, (6.68) 
B23 branch : = m, h = —m. (6.69) 

Finally, for M = or another pair of Ji singularities (6.63) merges into an I2 aX = M, 
but this time the spectral curve does not factorize all the way; instead, it has one branch 
cut and one pole (same on both sheets). Consequently, at this point we have a mesonic 
branch. Note that for /i > this branch is located very close to the B12 baryonic branch, 
and in the 5D limit the two Higgs branches are rooted at the same place m — (f) — 0. And 
indeed, in classical SQCD5 with ric — rif — 2, the mesons and the baryons are related by 
the 0(4) flavor symmetry; although in the quantum theory only 5*0(4) C 0(4) is a true 
symmetry while the discrete Z2 = 0(4)/S'0(4) 'isoparity' is anomalous, the anomaly does 
not affect the moduli space for h > 0. In 4D however, the anomaly is more powerful, and the 
instanton effects separate the mesonic and the baryonic branches by A[Laip) = 0{e^^"'^). 
In quiver terms, the instantons here are diagonal, i. e, one instanton in each SU (2)^ factor 
of the [SU{2)]^ gauge group, and that's why the effect is so small for /i > 0. 

And now consider the Coulomb branch of the quiver. In the decompactification limit 
La — > cxD, the branching points (6.61) of the spectral curve form several distinct patterns 
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depending on 0, h and m; as usual, this leads to different phases in 5D. Let us start with 
the phase structure for m = 0: 

ic For h > 0, there is only one phase: for any > 0, the branching points are 

a;i,2 = e^"^^ ± 2z e^'^(^-^)/^ ^3,4 = e"^'^^ ± 2ie^'^(-3^-^)/^ (6.70) 
their crossratio is x = ^ ^La{H+3ip) ^ ^^^^ hence in 5D 

T = 2h + 60, (6.71) 

in perfect agreement with the Seiberg formula (6.7) for nj = 2. For — > 0, the 
situation is more complicated and the spectral curve develops multiple singularities near 
Laif = 0, Tci. Specifically, there is one Seiberg-Witten pair of simple (Ji) singularities 
at 

{Lacp-TTiy ^ ±2 6-^"^, (6.72) 
and another pair of double (J2) singularities at 

Laip = 0, e-^^". (6.73) 

The latter pair is also of Seiberg-Witten type but correspond to A/" = 2 SU{2) gauge 
theory with two massless flavors rather than flavorless SYM as in eq. 

(6.72).<i3> Thus, 

above the Seiberg-Witten scale (which is exponentially small for La 00) we have 
SU{2) restoration for Laip = and ni, and for Laip = we also have two massless 
quarks. In 5D terms, this means that for = we have unbroken SU (2) gauge theory 
with two massless flavors; in string constructions, this 5D theory is known as the D2 
after its global symmetry. 

(13) For La(p —>■ 0, the spectral curve of the quiver theory may be approximated as 

y'^ = (x'2 - (La^)2)' - 4e-^"«xx'2 (6.74) 

where x' = x—cosh{La(p) « a;— 1 and y' ~ 2y— (x— e^'"^)(a; — e"^"*^). This curve looks exactly like the A/" = 2 
Seiberg-Witten curve of SU{2) gauge theory with two massless flavors, where the role of tr((adjoint scalar)^) 
is played by (Laip)'^ and the role of Ag^ by e~^"'^ . 
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•k For h = 0, the branching points of the spectral curve are as in eq. (6.70) as long as 
> 0, and hence the 5D coupling is as in eq. (6.71). However, for ^ we now have 
T = 0, meaning infinitely strong and hence a non-trivial superconformal theory 
in 5D. Since this SCFT obtains in the h = limit of the D2 theory we expect it 
to be E3. Unfortunately, we cannot directly verify the = SU{3) x SU{2) global 
symmetry of the SCFT because it applies only to the marginal and relevant operators 
of the 5D theory, so instead we look at the singularities of the spectral curve. The 
curve of 5D E3 SCFT compactified to 4D should have three singularities, of respective 
Kodaira types I3, I2, and Ji, and indeed the quiver's curve (6.60) has such singularities 
for H = M = 0: an /a at cosh{Laip) = +1, an I2 at cosh(La<y9) = |, and an Ii at 
cosh.{Laip) = —3, cf. eqs. (6.63) and (6.65). 

-k Finally, for h < 0, there are three distinct patterns of the branching points depending 
on (f): for (p > —h, the branching points are as in eq. (6.70) and T = 2h + 60; for 
^ < < — /i, we have 

xi ^ -4e-^'^^, X2 ^ -le^'^(^+2^), X3 ^ -4 e-^"(^+2^), x^ ^ -^6+^"^, 

(6.75) 

with crossratio x = J_QLa{2H+4ip) ^^^^ hence T = Ah + 80; and for < < ^ the 
branching points are 

xi ^ -4e-^"^, X2,3 ~ +1 ± |e^'^(^+2^)/2^ X4 ^ -^6+^'^^, (6.76) 

with crossratio x = (,+LaiH+2<fi)/2 ^ ^^^^^ hence T = —h — 20. Altogether, 

{2h + 60 for > -h, 
4/1 + 80 for ^ < < -h, (6.77) 
-h - 20 for < ^. 
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The following diagram summarizes the various regimes of the D2 theory for m = 0: 
T 




(6.78) 



E3 SOFT 

-h/2 -h 

The solid circle on the red line here (for h < 0) indicate a double flop transition at (j) = —h. 
Two quarks become massless at this point and that's where the B12 baryonic branch lives 
for h < 0. Indeed according to eq. (6.67), the ordinary baryonic branch moves from its 
classically expected location at = (for m = 0) to = —h. 



The physical meaning of the open red circles at 



and 



is moot because the 



whole dotted segment of the red line is unphysical. From the 4D, M = 2 point of view, for 
< < ^ the scalar superpartner A of the massless abelian vector decouples from the 
modulus. Indeed, for the Xi^2,z,i branching points as in eq. (6.76), eq. (6.48) yields 

dA -La{H + 2ip) 



dip 



2tx 



(6.79) 



To eliminate this unphysical range we change variables from ip to (p according to eq. (6.51). 
In terms of the its real part is non-negative, and in the — limit we have T = 
and hence a non-trivial SCFT in 5D. Also in terms of (p, the 0{1/La) neighborhood of 
= contains three singularities (6.63) of the spectral curve, namely an I2 singularity at 
cosh(La(^) ~ (note M = 0), and a pair of Ji singularities at cosh(La(^) ~ ±2. This 
singularity structure in 4D indicates the 5D SCFT at = is And to confirm this 
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identification, we note that there is a Higgs branch growing out of the superconformal point 
= 0, namely the mesonic branch of the quiver theory. 

Altogether, we deconstruct the following Coulomb phase diagram of the SU{2) theory 
with Uf = 2, AF = 1, and mi = m2 = 0: 



El SOFT 



double flop 
2 massless quarks 




(6.80) 



>/i > 



D2 origin- 



As to the Higgs branches, they are rooted along the D2 origin, Ei SCFT, and double flop 
lines according to 



B12 baryonic 



mesonic 



mesonic 



B12 baryonic 




D2 origin 

h> 0,6 = 




El SCFT 

h < 0, (f) = -h 




(6.81] 



double flop 
h<0,(t) = -h/2 
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and also at the E3 SCFT point according to 



B12 baryonic 



mesonic mixed with B13 + B23 baryonic 




(6.82) 



E3 SCFT, h = (f) = 

The mixed branch at the point has hypermuhiplet dimension = 2 (real dimension = 8); 
all other Higgs branches have hypermultiplet dimension = 1 (real dimension = 4). 



And now consider the quiver theory for m > 0. Again, we look at patterns of the 
branching points (6.61) for different values of and h. 

• For h > m there are two patterns: for (p > m the roots are as in eq. (6.70) and hence 
T = 2h + 60, while for < < m 

xi,2 = e^"^ ± 2e^'^(^-^'^)/^ 0:3,4 = e-^'^^ ± 2e^'^(^-*^-"^)/2^ (6.83) 

the crossratio is x = ±e^''^^'^-^"~'^\ and T = 2h - 2m + 80. Altogether, 

2h + 60 for (h > m, 

(6.84) 

2h — 2m + 80 for (p < m, 
in perfect agreement with the Seiberg formula for 5D SU (2) with massive flavors 

T = 2/1 + 80 - J^max(0, |m/|). (6.85) 
/ 

At = m, there is a double flop due to two quark flavors becoming massless at the 
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same time — note 0i = mi = — m and 02 = ""^2 = +^1. This point on the Coulomb 
branch is the origin of the ordinary baryonic branch B12, cf. eq. (6.67). 

Finally, for = we have SU{2) restoration in 5D. Indeed the singularities (6.63) of 
the spectral curve form two Seiberg-Witten pairs 

{Laipy = ±2e-^«(^-^)/2 and (La^ - Trif = ±2e-^«(^-^^)/2 (6.86) 

separated by Wilson line = tt. Note Ag^ = Q-La(H-M)/2 )^Qj-e indicates classical 4D 
SU (2) coupling ^ = La(h — m) and hence 5D coupling T = h — m. This agrees with 
the — > limit of the abehan coupling: according to eq. (6.84), T(0 = 0) = 2 x {h—m); 
the factor of 2 here is the Clebbsch of the U{1) C SU{2). 

-k Another way to understand the < m regime — including -h> — is via effective 
SYM theory. Note that for < m the 5D quarks are massive and we may integrate 
them out. The result is an effective SU{2) SYM with no flavors, = {cf. eq. (3.30)), 
and inverse coupling h^^ = h — m {cf. eq. (6.84) for < m). In terms of the spectral 
curve integration out works by focusing on x being neither too large nor too small, 
specifically e~^"''^^ ^ x ^ g+LaA/. ^j^jg regime, the curve (6.60) may be approximated 
as 

y"^ - yx (x^ - 2cosh{Laip) x x + l) + e'^"'-"-^^ x x^ (6.87) 

which looks exactly like the curve for n^^ = 0, AF^^ = 2, and H'^^ = H — M. And as 
in §6.2, this curve yields T = 2h'^^ + 80 = 2{h — m) + 80 for > 0, and for — > and 
h^^ > it has two pairs of Seiberg-Witten singularities indicating SU (2) restoration 
in 5D. 

• For h = m, the patterns or branching points are similar to the h > m regimes for 
(f) > m, (f) = m, and < < m, but for ^ there is a difference: T — > at 
this point, which indicates a superconformal theory in 5D. The nature of this SCFT is 
clear from the effective theory — SYM with 6 = — whose superconformal limit at 
h^^ = h — m = and = is Ei, exactly as in §6.2. Moreover, the Ei has a Higgs 
branch growing out of the superconformal point, and the quiver theory does have a 
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Higgs branch at precisely this point, namely the exotic baryonic branch with flavors 1 
and 3, cf. eq. (6.68). 

For — m < h < +m there are three regimes: for > m the branching points are as in 
eq. (6.70), for ^^i^^ < (p < m they are as in eq. (6.83), and for < < we have a 
new pattern, namely 

= ±2e+^'^(^^-^)/^ X3,4 = ^le-^"(*^-^)/^ (6.88) 

with crossratio x = QLa{M-H) ^^^^ hence T = 2{m — h), regardless of (as long as 
< ^). Altogether, 

2h + 60 for (j) > m, 

for -m<h< +m, T = <( 2/i - 2m + 80 for < < m, (6.89) 



2m - 2h for < < 



m—h 



2 ■ 

However, the third regime here is unphysical because the M = 2 superpartner A of the 
vector field decouples from ip; indeed, for branching points as in (6.88) we have 

dA 2 sinh(Lao9) [ dx , , 

^ ^' X i , (6.48^ 



d'-p 2m J [x — x\)(x — X2){x — X'i)(x — 

(6.90) 



^XxX2 



In terms of the effective theory, the decoupling happens for and 20 + h^^ < 0, and it 
works exactly as in §6.2. And similar to §6.2, at the edge of decoupling = —\h^^ = 
there is unbroken SU{2) in 5D — which manifests in 4D via singularities (6.63) 



2 

forming two pairs of Seiberg-Witten points, 

Laif = La ^~^ + log(2) + {0 or vrz} ± e'^^^^^-^^/^ (6.92) 
The proper modulus of SU{2) restoration is = + or in 5D terms 

cosh.{La(p) = cosh(Lav9) x —r^^^=^^^= , (6.93) 

a/2 cosh(LaM) 



where the hyperbohc cosines indicate that variables y), and (p all live on half- 
cylinders. 

Finally, at = m there is a double flop due to two quarks becoming massless at the 
same time; the ordinary baryonic branch grows out of this point, c/. eq. (6.67). 

For h = —m the intermediate range of disappears and there are only two regimes of 
the branching points: (6.70) for cf) > m and (6.88) for (p < m, thus 

( 2h + 6(t> for 6 > m, 
for h = -m, T = \ (6.94) 

t Am for < < m. 

And again, the second regime here is unphysical because A decouples from (f. However, 
the regime boundary at = m is more complicated than for h > —m because now 
SU (2) restoration happens at the same point where two quarks become massless. In 
5D terms, this corresponds to an effective D2 theory with two m'^^ = quarks. In the 
continuum 5D limit this effective theory should have a global 5*0(4) symmetry, but 
the 4D quiver theory itself is not 5*0(4) symmetric. Instead, we identify the h = —m, 
(j) = m {i. e., = 0) point as an effective D2 origin via singularities of the spectral 
curve and also via Higgs branches. Indeed, for H = —M the curve (6.60) of our quiver 
theory has two double (J2) and two simple (Ji) singularities near <^ = or j^, namely 



first /2 at: cosh{Laip) = e"^"*' + ie"^"'^ =^ {La(pY ^ \e~^'^''''\ 

second h at: cosh (Lay?) = e^"*^ =^ {La<ff ^ _^-2LaM ^ 

two Ji's at: cosh(La^) = -e^"^ ±2 =^ {La>p - nif ^ ± Ae'^"^ , 

(6.95) 

and this is precisely the singularity structure of D2, cf. eqs. (6.72-73). Moreover, 
there are two distinct Higgs branches rooted at the double singularities near (f = 0, 
namely the ordinary baryonic branch B12 rooted at the first I2 {cf. eq. (6.65) for 
^-LaH _ g+LaM-j^ ^j^^ exotic baryouic branch B23 rooted at the second I2 {cf. 
eq. (6.64)). In terms of the effective D2 theory, one of these Higgs branches corresponds 
to the mesonic branch and the other to the baryonic branch. Altogether, the 4D 
singularities and the Higgs branches confirm our identification of the (p = —h = m 
point as the D2 theory in 5D. 
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Finally, for h < —m we have three regimes: for > —h, the branching points of the 
spectral curve as in eq. (6.70); for < (p < —h we have a new pattern 

(6.96) 

with crossratio x = j^e^'^'^'^^^^'^'^] and for < < ^^^^^ the branching points are 
xi ^ -4e-^'^^, X2 ^ -e^"^, x^ ^ -e-^*^^, X4 ^ -ie+^«^, (6.97) 

with crossratio x = e^^"*^, regardless of <yj. Altogether, this gives us 

2h + 60 for > -h, 
for /i< -m, T = <( 4/i + 80 for < < -h, (6.98) 

4m for < < 

Note that the third regime here is unphysical because for branching points (6.97) 

dA e^"^ 



d(p ^x\ X2 



(6.90) 



~ 2 



1 La(H-M+2^)/2 ^ ^ ^ggg) 



In other words, the proper 5D modulus is not > but = — ^^^ > 0. Moreover, at 
the endpoint = there is unbroken SU{2) in 5D as evidenced by singularities (6.63) 
of the spectral curve forming two Seiberg-Witten pairs 

Lain = La ^ ~^ + iog(2) + {0 or vri} ± e"^"^, 

^ 2 5V ; 1 J , (6.100) 

{La^f or {La^ - TTif = ±2e-^^''^^. 



Finally, at = — /i — which corresponds to = > — there is a double flop 

transition due to two quark flavors becoming massless. As usual, such double flop is 
root of the ordinary baryonic branch B12, cf. eq. (6.67) for h < —m. 
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Altogether, various regimes of our model are summarized on the following diagram: 



h > m 



SU{2)i 



El SCFT( 




h = m 

—m < h < m 



h = —m 



h < —m 



(6.101) 



m—h 



m 



-h 



The colored lines here plot T{(j)) for several fixed values of h (different colors for different 
h); the solid lines correspond to physical 5D regimes, and the dotted lines to unphysical 
regimes for < ^^^^^ where ip decouples from the low-energy degrees of freedom. Note the 
blue, cyan, and green lines are bent at = m: the slope dT/dcj) is 6 for cj) > m and 8 for 
(f) < m. Likewise, the red line is bend at = —h] the slope is 6 for > —h and 8 for < —h. 
In terms of the Seiberg formula (6.7), slope = 6 corresponds to Coulomb branch of the D2 
theory, while slope = 8 corresponds to Coulomb branch of an effective SYM theory. Thus, 
we deconstruct the following Coulomb phase diagram of the SU{2) theory with n/ = 2, 
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AF = 1, and fixed m2 = 



—mi = m > 0: 



double flop 
2 massless quarks 



SU{2) 




(6.102) 



, double flop 

'2 massless quarks 



SU(2) 



El SCFT^ SU{2)- 



-^h>0 



The effective SYM for h > — m and (p < m is Dq: it has 6 = in 5D, and in 4D the effective 
curve (6.87) has AF'^^ = 0. The other effective SYM for h < — m and < —h is also Dq, 
and in fact at the spectral curve level, there is a symmetry between the two Dq phases. To 
make this symmetry manifest, we change the y variable in eq. (6.60) to y = —y/ {x — e~^"''^^) 
and then rewrite the spectral curve as 



y^ X [x - e"^"^) + yx [x^ - 2 cosh{Laip) x x + l) - e" 



LaH 



X X X [X — e 



0, 



(6.103) 



or equivalently 



xy{x + y) - (e"^"^ x + e" 



LaM -2 



X 



f + 2 cosh{La!f) x xy) + (e^'^(*^-^) x x + y) = 0. 

(6.104) 



The resulting equation is invariant under 



X ^ yx eMM-H)/2^ 



H 



3M -H 



M 



y ^ X X e 
M + H 



La{M-H)/2 



2 ' 2 ' 

and this symmetry indeed interchanges the two effective Dq phases on the Coulomb phase 



cosh(La^) cosh{Laip) x e^»(^-*^)/2, 

(6.105) 
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diagram (6.102). Note however that this is not a symmetry of the quiver theory itself but 
only of its spectral curve. 

As to the Higgs branches of the deconstructed SU{2) theory with Uf = 2, AF = 1, and 
7712 = —rrii = m > 0, there is the ordinary baryonic branch B12 rooted along the double-flop 
line (f) = max(r7i, —h), and two exotic baryonic branches: i?i3 rooted at the Ei SOFT point 
h = +777, = and B23 rooted at the D2 point = —h = m. There are no mesonic or 
mixed Higgs branches for m 0. 

~k i< i< 

And now we move on to another example of deconstructed SQCD5 with 71^ = = 2. This 
time, we take AF = rather than 1, and impose a different constraint on the quark masses, 
namely 7771 = 7772 = 777, or in 4D terms /ii = /i2 = Ve"''^S^^'^ This choice gives us a quiver 
with manifest U{2) flavor symmetry. On the other hand, flavor symmetry enhancement 
U{2) —>■ 5*0(4) in 5D for M = is not protected by the discrete custodial symmetry C 
(4.25-29) because AF ^ 1 breaks C. 

The spectral curve of the AF = quiver is 

f - yx{x^ - 2cosh(La(^) x x + 1) + e-^""^ x (^x - e^^^'^^ = (6.106) 

where S = H + M {cf. eq. (4.28)) and Re if > ReM (c/. eq. (4.53). Consequently, for 
777 = ReM > we expect no phase transitions (except for a double flop at = 777), but for 
777 < there should be distinct phases for h = IieH > —m and for m < h < —m. 

The curve (6.106) factorizes for (f = ±M where the quiver has a mesonic Higgs branch, 
and also for 

cosh{Laip) = e^"^'^, e'^"*^ + 6'^"^^+^'^ = 1, (6.107) 

where the quiver has a baryonic Higgs branch Bi2. This is the only baryonic branch for this 
quiver: because of AF = there are no exotic branches. In fact, there are no Higgs branches 

(14) For this model, we put tildes on all the variables: M, H, tp, etc., etc. Such notations help discuss dual- 
ity (6.109) betwen spectral curves of this model and the previous model with AF = 1. The tildes make clear 
which variable belongs to which model. 
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other than the mesonic and the (ordinary) baryonic branches; in the 5D hmit La ^ oo they 
are located at: 

mesonic: (j) = \rh\, 

(6.108) 

baryonic: = 0, h > 0, m = Oorm = —h. 
We may analyze the Coulomb branch of the present quiver in the usual way, by studying 
the branching points of the curve (6.106), but there is an easier way. The curve (6.106) 
happens to be dual to the curve (6.60) of the previous model: 

y'^ - yx{x'^-2 cos\i{Laip) x x + 1 j - e'^'^" x x x (^x^ - 2 cosh(LaM) x x + 1 j = 



f - yx{x^ - 2cosh(La^) x x + 1) + e"^"^ x (x - e^^^Y = 

for y = y '^^^^ , X = X , , (6.109) 

2 cosh(LaM) x ^2 cosh (LaM) ' 

p+LaH _ p-LaH/2 

^-LaS _ ^ gLaM _ ^ 



2 cosh(LaM) ' ^2 cosh(LaM) ' 

and cosh(La(^) = cosh(Lav9) x — , cf. eq. (6.93). 

a/2 cosh(LaM) 

Physically, the two ric = Uf = 2 quiver theories are not dual to each other; they are not even 
in the same universality class. Indeed, the Higgs branches of the two theories are not quite 
dual to each other: 

ric = nf = 2, AF = 1 quiver < — > Uc = Uf = 2, AF = quiver (6.110) 

Bi2 baryonic branch < > mesonic branch, 

i?i3 and B23 baryonic branches < > baryonic branch(es), 

mesonic branch < > nothing. ^^^^ 

However, their spectral curves are dual, and we may use use this duality to obtain the 



(15) The spectral curve (6.60) of the AF ~ 1 quiver has an I2 singularity at the mesonic root (p = M = 0, 
and the duality maps it onto a similar I2 singularity of the AF = quiver's spectral curve at cosh(Lai^) = 
ig-LaAf _ 26^^"^. However, despite this singularity, the curve (6.106) does not factorize. Also, at this 
point, the link resolvent T{X) of the AF = quiver has no poles at the physical sheet; instead, there is a 
pole on the unphysical sheet with residue — 2. Anyhow, there is no Higgs branch at this point. 
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Coulomb phase diagram of our second ric = Uf = 2 example without too much work. 
In the 5D limit La oo, the duality map (6.109) becomes 

~ 3\m\ — h ^ —\m\ — h ,~, ,,, h — \m\ 

h = ^ , m = , 101 = 101 + (6.111) 

Note that according to this map, there is a lower limit h > -m; remarkably, this limit 
agrees with eq. (4.53) which follows from very different physics, namely quantum corrections 
V = v + - ■ ■ in a quiver without fi = quarks. This agreement indicates that the map (6.111) 
covers all physical Coulomb phases of the two theories (even though it misses some of the 
Higgs phases). Consequently, applying this map to diagrams (6.80) and (6.102) of the 
AF = 1 model, we arrive at the following Coulomb phase diagram of deconstructed SQCD5 
with ric = Uf = 2, AF = 0, and nii = m2 = rh: 



D'2 origin 




(6.112) 



El SCFT 



This diagram shows 3D parameter/moduli space spanned by m, and cj). There are two 
unphysical regions — h < fh and 20 + /i + m<O — and three distinct physical regions 
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separated by double flop transitions at (f) — \rh\: 

(1) The D2 Coulomb phase for > |m| where T — 2h + 60. 

(2) The effective Dq (SYM) Coulomb phase for ttK and < |m| where T = 2h^^ + 80. 
In quiver terms, in this phase the quark bare mass p, — Ve"''^ is effectively /i ~ 0, hence 
n^f^ — but AF^^ = 2, and everything works as in §6.2. In particular, there is SU{2) 
restoration for = and h^^ ^ > 0, and also for h^^ < and = -h^^ /2 (this 
is dual to = 0). And for h^^ = and = we have Ei SCFT. 

(3) The Dq Coulomb phase for m > and < m. This is another effective SYM Coulomb 
phase with T — 2ff^ + 80 and SU{2) restoration for = 0. However, this time 
^eff _ iv^jn -g a^i^a^yg nonnegative. In quiver terms, in this phase /i = Ve"'"^ is so large 
the quarks effectively decouple, hence rfj^ = AF^^ = 0; this effective theory works as 
in [20]. In particular, for h'^^ = and = there is a 5D SCFT. 

We call this superconformal theory E[ because its spectral curve is dual to the curve 
of the El, in particular, there are two Ii singularities and one l2- However, there are 
major differences between the two SCFTs: the E[ does not have a Higgs branch, and 
its Coulomb branch is hmited to Jf^ > 0. In M theory, the E[ SCFT arises from a 
Calabi-Yau with a C^/Z^ orbifold singularity. Note that such singular points are not 
isolated but lie on lines of milder Ai singularity (C^/Z2), and the line cannot be blown 
up without also blowing up the point. This is unlike Ei which arises from an isolated 
singular point, namely conifold/Z2. 

The three Coulomb phases come together at = m = 0, /i > 0, where we have a D2 theory 
at its origin — unbroken SU (2) and two massless quarks at the same time. Likewise, there 
is unbroken SU{2) and two massless quarks along the = —h — —fh > line, which we 
call the origin'. From the spectral curve's point of view, the D2 and the D'2 origins have 
similar singularity structures 2I2 + 2Ii. But beyond the spectral curve level, the two origins 
origin are different. In particular, there are three Coulomb phases near the D2 origin but 
only two Coulomb phases — the D2 and the Dq — near the D2 origin; the Dq Coulomb 
phase is cut off by the deconstruction limit h > rh. Likewise, two Higgs branches — one 
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mesonic and one baryonic — have roots at the D2 origin, but the D2 origin has only the 
mesonic Higgs branch. 

Indeed, here is the diagram of the Higgs phases (6.108) of the AF = theory: 



mesonic mesonic baryonic mesonic missing 




double flop D2 origin origin 



= ±m = m = O, /i>0 = —m = —h > 



baryonic missing mesonic baryonic, unmixed 




(6.113) 



El SOFT E[ SCFT E'^ SCFT 



= 0, h= -m > = 0, /i = +m >0 (f) = m = h = 

where "missing" branches do not exist for AF = but their roots are dual to roots of mesonic 
branches of the AF = 1 theory. And the dashed lines making an empty wide cone around 
the last Higgs branch here indicate that the branch has hypermultiplet dimension = 1 — like 
all the other Higgs branches of the AF = theory — but in the dual AF = 1 theory there 
is a Higgs branch of dimension = 2, cf. diagram (6.82). 
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The central point = m = /i = Oof the Coulomb phase diagram (6.112) — where the 
last pair of Higgs branches (6.113) are rooted — is dual to the E3 SCFT point of the AF = 1 
theory. For AF = this point is also superconformal; we call this SCFT E'^ because of the 
duality, and also because it is similar to E3 SCFT in many ways: (1) the E'^ obtains in the 
h ^ limit of D2; (2) its spectral curve in 4D has I3 + I2 + h singularities; (3) it has two 
distinct Higgs branches. However, the dimensions of the Higgs branches are different: 1 + 1 
(in hypermultiplet units) for the E'^ versus 1 + 2 for the E3. In M theory, the E^ and the E'^ 
SCFTs are realized on Calabi-Yaus with different singularity types. There respective toric 
diagrams are: 




(6.114) 

Note the lower edge of the E'^ diagram has a middle point: this indicates that the singularity 
is not an isolated point but a more-singular point on a less-singular line, and the line cannot 
be blown up without blowing up the point at the same time. 

In type IIB string theory, the brane webs for the E3 and the E'^ are as follows: for the 
SCFT points themselves 




(6.115) 
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for the respective Coulomb branches {m = h = but 0>Oorm = /i = O but > 0) 




^3 
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Note the web for the mixed branch of has three disconnected hnes: this corresponds 
to hypermultiplet dimension = 2. In comparison, the webs for baryonic branches of both 
SCFTs and also for the mesonic branch of E'^ have only two disconnected pieces each: this 
corresponds to dimension = 1. 

And of course there are many more webs for non-conformal values of the Coulomb pa- 
rameters m 7^ and/or h ^ (or m ^ and/or h ^ 0). In fact, there too many webs, so 
we don't diagram them here. Instead, let us simply state the main result: The brane webs 
for the E3 and its resolutions and deformations have precisely the same physical phases — 
both Coulomb and Higgs — as the deconstructed SQCD5 with = = 2 and AF = 1. 
Likewise, the webs for the E'.^ and its resolutions and deformations have precisely the same 
physical phases as the deconstructed SQCD5 with ric = = 2 and AF = 0. And in both 
cases, the webs corresponding to the unphysical phases cannot be built. In other words, in 
both cases, the brane webs in string theory are in perfect agreement with the dimensional 
deconstruction. 
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7. Deconstruction / String Universality 



In the last section we saw four examples of non-perturbative phase diagrams, and in all four 
cases dimensional deconstruction and type JIB brane web implementation of the same 5D 
theory yielded identical diagrams (except for the non-geometric phases of unphysical regions 
of the moduli/parameter space). In this section, we shall see that such deconstruction / 
string universality is general and holds for any nc, Uf, and kcs- Specifically, deconstructive 
and brane-web completions of the same SQCD5 are in the same universality class and have 
similar moduh/parameter spaces and similar prepotentials jF(0i, . . . , /i; mi, . . . , m„^). 
However, the two completions are not dual to each other and become dissimilar outside the 
zero-energy limit. This is similar to the universality between the 4D SQCD and the MQCD 
[26, 27, 28]: they are not dual to each other but are in the same universality class and have 
similar holomorphic properties. 

In fact, the 5D universality between deconstruction and brane webs is based on the 4D 
universality between SQCD and MQCD, or rather its generalization to more complicated 
4D theories. Specifically, we start a deconstructed SQCD5, treat it as a 4D [SU{nc)]^ 
quiver theory, and take its M-theory counterpart: an M5 brane spanning the 4D Minkowski 
space and the quiver's spectral curve (4.21). We are going to take the large L limit of this 
correspondence, so instead of identifying the x and y coordinates of the spectral curve with 
some of the 7 extra dimensions of the M theory, we embed them in a non-linear manner 
based on eqs. (4.30), namely 

X = exp(La x ^), ^ = 



r ' 

(7.1) 

y = exp(La X r/), r] = , 



where C is a constant parameter, to be determined later in this section. Consequently, the 
induced metric on the M5 brane itself is 

ds' = dXl,,, + {d^d^ + dndr^) = dXl,,, + ^ + ^) (7.2) 

where x and y are related according to eq. (4.21). 
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We claim that the La oo hmit of this M5 brane is dual to a 5D brane web, and moreover 
this web implements the very SQCD5 we have started from. Combining this duality with 
the generalized SQCD/MQCD duality in 4D, we arrive at the following diagram: 



Deconstructed SQCDc 



t 



Universality [ 



M Theory of the Quiver, La ^ 00 

] 



Duality 

"T" 



Brane-web Engineered SQCD>; 

(7.3) 

And since duality implies universality (but not the other way around), we find that the 
dimensional deconstruction and the brane-web engineering of the same SQCD5 are in the 
same universality class. 

To prove the duality part of the diagram (7.3) we will show the following: 

(1) For La — * 00, the spectral curve of the quiver becomes a union of linear segments 
'^^~Pv = const with integer a and f3. The joints between the segments are infinitesimal 
but have 5-like curvature, which allows different {a, (3) for different segments. 

(2) The coordinates = Clm,^ and = Clmr] are periodic. Together they form a 

torus, and M theory on this torus is dual to the type JIB string theory on a circle 
S^. Under this duality, the M5 brane's part spanning an — (3r] = const piece of the 
spectral curve (times the M^'^ Minkowski space) becomes the {p = a,q = f3) 5-brane 
spanning M^'^ x x a. real line segment aX^ — f3X^ = const. And the M5 spanning 
the whole spectral curve is dual to a [p, q) brane web made of such segments. 

(3) This brane web turns out to be precisely the web implementing the SQCD5 with 
appropriate rzc, nj, and k^s- (Except that one of the 5 dimensions is compactified 



92 



on the S^.) In particular, for positive enough couphng h, the web forms a ladder 
with ric parallel rungs; this implements the SQCD Coulomb phase of the 5D theory. 
For negative or low enough h, the web flips to a different topology, and this happens 
precisely when the deconstructed theory has a phase transition. 

(4) Finally, comparing the semiclassical gauge boson masses in the M theory and in the 
deconstructed SQCD5 yields C = y^La/27rts where is the M2 brane tension. This 
gives us the area of the torus in the M theory and hence the radius of the circle 
in the dual string theory [36]. That radius turns out to he R — La/27r — which is 
precisely the radius of the deconstructed dimension. Hence, in the decompactification 
limit of the deconstructed theory, the brane web also decompactifies to 5D. 



So let us start with part (1) of our argument. Consider the spectral curve (4.21) as a 
quadratic equation for the y{x) and let us take the La —> 00 limit for fixed ^ and 77. Similar 
to eqs. (4.39-44), the polynomials p{x) and b{x) become in this limit 



X — e 



H 



X — e 



±exp 



La X max(^, (p) 



i=l 



as long as Re ^ 7^ any of the 0j , 

AF X ^ + y~^max(^,m/) 
as long as Re^ 7^ any of the Rem/ . 



(7.4) 



(7.5) 



(By abuse of notations, here max of two complex numbers denotes the number with the 
larger real part.) And as in eq. (4.32), for almost all ^ either p'^{x) e~^"'^h{x) or else 
p^{x) <C e~^°-^b{x). When p^(a;) » e~^°'^b{x), eq. (4.21) for the y{x) has two very different 
solutions, namely 

yi{x) = p{x), y2{x) = — — , yi > ya; (7.6) 
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in terms of 77(0, these solutions translate to 



(7.7) 



i=l 




(7.8) 



Note that both rji and 772 are piecewise- linear functions of ^, and their derivatives are integer- 
valued. (That is, for each piece dr)/d^ is a constant integer, but its value jumps from piece 
to piece.) And when p'^{x) <€. e~^"'^h{x), the two solutions of eq. (4.21) become 



Again, 771,2 are piecewise-linear functions of ^, and for each piece the derivative 0^771,2/0?^ is 
integer or half-integer. Consequently, the whole spectral curve consists of a bunch of linear 
pieces, and each piece is rational, i. e. satisfies — (3rj = const for some integers a and /?. 

Actually, eqs. (7.7-8) and (7.10) miss some of the pieces of the spectral curve, but the 
missing pieces are also linear and rational. These missing pieces are located at ^ = or 
^ = 777./ where the limits (7.4-5) do not work. Instead, for ^n a 0{1/La) neighborhood of 
a modulus ipi the value of the p{x) polynomial can be anywhere between zero and the right 
hand side of eq. (7.4); likewise, for ^ in a 0{1/La) neighborhood of a mass nif the value of 
b{x) can be anywhere between zero and the right hand side of eq. (7.5). Consequently, in 
the decompactification limit, a fixed value of ^ which happens to coincide with a modulus 
(Pi or a mass ruf agrees with a wide range of values of 77.^^^^ Thus, the spectral curve has 
several ^ = const pieces — which are linear and rational with {a, j3) — (1, 0). 

(16) Specifically, for ^ = 93,, 77 can be anywhere between 771 ((p^) and 772 ((/Si), or rather Re 77i((/3i) > Re 77 > Re?72(v'i)- 
Likewise, for ^ = to/, 77 may vary from ri2{mf) or fj2{mf) (whichever applies) all the way to —00. 



(7.9) 



or in terms of ^ and 77, 




2La 



(7.10) 
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Altogether, the decompactification hmit of the spectral curve (4.21) of the quiver is 
a union of segments of rational straight lines — Prj — const. For large but finite La, 
the joints between adjacent segments have small but finite sizes of the order 0(1 /La). Such 
joints are strongly curved — curvature = 0{La) — which allows for finite differences between 
directions a/ j3 of segments they connect. For La oo, the joints' sizes become infinitesimal 
while the curvature becomes 5-like. This completes part (1) of our proof. 

Next, consider the spectral curve (4.21) as a Riemann surface. This surface is a double 
cover of the complex x sphere, or in other words x spans C*, twice. The map x — exp(La x ^) 
takes out the x = and x = og points, which turns the x sphere into a complex cylinder: Re ^ 
is single valued and spans the real line M while Im^ is periodic modulo (27r/La). Likewise, 
the map y = exp(La x rj) turns the y sphere into a cylinder: Re 77 is single valued and spans 
M while Im?7 is periodic modulo (27r/La). In terms of cqs. (7.1), this means that {X^,X^) 
span an infinite plain while {X^, X^^) span a torus of area A — (27rC/La)^. 

M theory compactified on this torus is dual to the type IIB string theory^^'''^ compactified 
on a circle whose radius is inversely proportional to the torus's area, 

= hx Area[T2] = x {2ti C / Laf (7.12) 

where ^3 is the membrane (M2) tension in M theory. Under this duality, an M5 brane which 
wraps one circle of the is dual to a (p, q) 5-brane which wraps the circle. The Neveu- 
Schwarz-Ramond charges (p, q) of this dual 5-brane depend on a particular circle of the 
wrapped by the M5: for a circle aX^ — PX^^ — const with integer a and /3, the Ramond 
charge p — a and the Neveu-Schwarz charge q — 

According to cqs. (7.1), a linear piece — (37] = const of the spectral curve is the 
direct product of a real line segment aX^ — (3X^ — const in the X^'^ plane, times a circle 

(17) The string coupling Tg = ie~^* + axion follows from the shape of the torus; in our case it has two _L periods 
of equal length, hence Ts = i. We may choose a different Ts by modifying eqs. (7.1) according to 

+ iX^ = + axion x rj) x Ce+*, X^ + iX'^° = rj x Ce"* . (7.11) 

However, in brane- web engineering the actual value of the is not important, and so we stick with eqs. (7.1) 
as they are and hence Ts = i. 
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aX^ — PX^^ = const in the torus. Hence, the M5 brane spanning this piece (times the 
4D Minkowski space M^'^) is dual to the {p = a,q = f3) 5-brane which spans M.^''^ x x the 
real line segment aX^ — (3X^ = const. And the M5 brane spanning the entire spectral curve 
of the quiver theory is dual to the {p, q) brane web made of such segments. This completes 
part (2) of our proof. 

Now consider the web's geometry for different phases of the deconstructed 5D theory. Let 
us start with the ordinary SQCD^ phase where branching points of the 4D spectral curve 
over the x plane form n very close pairs (4.35-36). This pattern requires ReS' = /i + |^mj 
large enough to assure that p'^{x) ^ e^^°'^b{x) for all x = e^"'^ (except when ^ equals one of 
the Consequently, the spectral curve follows eqs. (7.6) rather than (7.9) for all x, or in 
terms of ^ and 1], it comprises complex lines ?7i(0 ^"^^ V2{0 according to eqs. (7.7-8) for all 
C,. And there are also C, = const complex lines for C, = ^Pi and ^ = mj. The brane web dual 
to this curve spans the real parts of all these complex lines, thus: 



Ree 




(7.13) 

As promised, this web looks like a ladder with Uc horizontal rungs (blue lines for = fi) 
between two multiply-bent sides (red lines for rj = i]i{C,) and rj = 1]2{^)), but there also are Uf 
semi-infinite horizontal branes attached to the left side of the ladder (green lines for ^ = rrif). 
In 5D (after eventual decompactification of the circle), this web obviously gives rise to 
the Coulomb phase of an SQCD5 with Uc colors and n/ flavors. ^^^^ The Chern-Simons level 

(18) Indeed, strings between the 'blue' branes produce vector multiplets in the adjoint of U{nc) (spontaneously 
broken to [/(l)""^ by distances (pi — 0j between the branes), with the overall U{1) frozen due to interactions 
with the 'red' branes (the sides of the ladder). Likewise, strings between the 'green' branes try to produce 
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of this SQCD5 is less obvious, but it is related to the asymmetry between the top and the 
bottom ends of the ladder: At the top of the ladder (Re^ — > +00), its two sides separate 
from each other at the rate 



rate 



top 



dr]2 
di. 



K) - (n/ + AF-nc), 



(7.14) 



while at the bottom of the ladder they separate at a different rate 



rate 



bottom 



dr]2 
di 



drji 
dt 



= (AF) - (0). 



Re^— >— 00 



(7.15) 



The Chern-Simons level is one half of the difference between these rates, 



rate 



top 



rate bottom = n, 



AF; 



(7.16) 



note that it comes out exactly as in dimensional deconstruction, cf. eq. (3.27). Thus, the 
web (7.13) indeed gives rise to the same SQCD5 as the deconstructed theory we have started 
from, at least in the ordinary SQCD5 Coulomb phase. 

In terms of the web (7.13), lowering the h parameter of the 5D theory makes the left 
side of the ladder move right, cf. eq. (7.8). Eventually, for some critical h — the left 
side coUides with the right side, and then the web switches to a different configuration. The 
details of this transition depend on whether the two sides of the ladder collide at a single 
point or over some length of parallel segments. For a point collision, the web has a flop 



SU{nf) gauge fields, but they decouple because the 'green' branes are infinitely long; hence, the SU{nf) 
symmetry is flavor rather than gauge. Finally, ric x nf quark hypermultiplets arise from strings connecting 
the blue and the green branes to each other. 
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transition 



h> he h = he h < he 




(7.17) 

(Note that this picture shows only a part of the web.) For a parallel-hne colhsion, we have 
a more comphcated picture: 



h > he h = he h < he 




(again, only a part of the web is shown). This time, the web does not change topology for 
h < he] instead, the two coincident segments (colored brown in the above picture) are no 
longer bounded by 0j < Re^ < but become longer and longer with decreasing h. 

From the spectral curve's point of view, the brown segments of the webs (7.17) and (7.18) 
for h < he correspond to ri{^) following eqs. (7.10) instead of eqs. (7.7-8). Pictorially, we 
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have 




for the right web (7.17), and 



Ree 



> Re?] 



Re?7 



(7.19) 



(7.20) 



for the right web (7.18); in both figures, the dotted red hnes plot eqs. (7.7-8) in the range 
of Re^ where those equations do not apply. Indeed, the La oo limit of the spectral 
curve follows eqs. (7.7-8) only when ]9^(x) ^ e^^""^b{x); in terms of eqs. (7.7-8) themselves. 
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this corresponds to Re 771 (^) > Re 772(0- But for h < he, there is a range of Re^ for which 
^-6771(0 < 1^6772(0 — cf. the dotted red hnes in figures (7.19-20) — and in this range 
p^ix) <S e~^°'^h{x) and the spectral curve follows eqs. (7.10) instead of eqs. (7.7-8). Note 
that the switchover is continuous because 

The (p, q) 5-branes dual to the 771,2(0 segments of the curve can be single as in fig- 
ure (7.19) or double (two coincident branes) as in figure (7.20). The factor deciding between 
single or double branes is the derivative dfji^2/di, which is quantized in units of |: if it is 
integer the brane is double, and if it is half-integer the brane is single. To see this, con- 
sider the imaginary parts of the 771 (0 ^ind 772(0 segments of the spectral curve. For an 
integer dfii^2/d^, the line (Im^, Im?7i(0) on the torus is a complete circle, and the line 
(Im^, Im 772(0) is a separate complete circle; the two circles are parallel but separated from 
each other by half-a-period in the Im77 direction, cf. eq. (7.21). Together, the M5 branes 
wrapping these two circles are dual to two 5-branes with similar (p, q) charges, and the po- 
sitions of these two branes coincide because Re 771(0 = Re 772(0- On the other hand, when 
dfji,2/d^ is a half-integer, the lines (Im^, Im 771(0) and (Im^, Im 772(0) on the torus are two 
halves of the same circle. Consequently, the M5 brane wrapping this circle is dual to a single 
(p, q) 5-brane. 

In any case, the very existence of branes dual to 771,2(0 instead of un-hatted 771,2(0 
indicates that there is a range of i for which p'^{x) < e--^"^6(x). By reasons of concavity 
this range must include at least one modulus </?j, and consequently some of the branching 
points of the spectral curve over the x plane do not form close pairs (4.35-36). Therefore, 
some of the deconstructed 5D gauge couplings deviate form eqs. (4.46-47), which means 
that the deconstructed theory is no longer in the ordinary SQCD^ Coulomb phase. Instead, 
we have a Coulomb phase of an exotic 5D theory such as the Eq Coulomb phase of the Dq 
model of §6.1, or perhaps an unphysical phase such as in the Dq model of §6.2. 

In general, distinct Coulomb phases of the deconstructed theory correspond to distinct 
patterns of the spectral curve's branching points xi, . . . , X2nc ■ The duality translates these 
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branching points into specific features of the brane web: a rung of the ladder 




(7.22) 



corresponds to a close pair 



X2^-l,X2^ = e^«^' X (l ± e"^'^^^) ; (7.23) 
a joint where two sides of the ladder merge into a single brane dual to 171,2(0 




corresponds to two branching points at x = ie^'*^-'; and finally, a joint hiding collapsed 
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cycles of the web such as 




(7.26) 

corresponds to K branching points 

X, = e^<^ X e^"'"/^, z/ = 1, 2, . . . , (7.27) 

where 

{1 for a single f]\2{0i brane, 
(7.28) 
2 for a double ?7i,2(0 brane. 

Although only the real parts of Ar/ or are visible in the brane web, this gives enough 
information to identify the pattern of branching points — and hence the phase of the decon- 
structed theory — and even to calculate the matrix of 5D abelian gauge couphngs. Thus, 
the phases of the deconstructed theory are in perfect correspondence with the phases of the 
brane web, and the transition between those phase happen at exactly the same he- 

This completes part (3) of our proof. 

Finally, let us calculate the C parameter in eqs. (7.1). This parameter does not depend 
on the moduli, quark masses, or gauge coupling of the 5D theory, so let us make all the 0i 
distinct to break SU[n^ f/(l)"=^^ and take the h +oo limit. This makes the quiver 
theory weakly coupled and allows semiclassical analysis. Consequently, the universality 
between the 4D gauge theory and the M theory on the M5 spanning the quiver's spectral 
curve should extend beyond the purely holomorphic data to other low-energy properties such 
as masses of light particles. In particular, M theory should reproduce the semiclassical mass 
M = |0j — 0j| of a non-abelian gauge boson A^-. 

In string theory on the brane web (7.13), this vector field arises from the string connecting 
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appropriate rungs of the ladder, 

Ree 



m 

: (7.29) 

In M theory, this string is dual to M2 brane forming a cylinder: its long dimension is 
= C X Re^ and the circular dimension is = C x Imr^. The mass of this tube is 

2ttC 

M = t^x Area = ts x C\(f)i - (f)j\ x (7.30) 

where ts is the membrane tension; equating this mass to the field-theoretical mass M = 
|0j — of the vector field we arrive at 



C = J^. (7.31) 

Given this value of C, eq. (7.12) tells us that the string theory dual to M theory is 
compactified on the circle of radius 

^=-xf^V = - (7.32) 

ts \2txC ) 2tx ^ ' 

— which is precisely the radius of the deconstructed dimension for finite L. And this com- 
pletes the last part (4) of our proof. 

To summarize, we have established that dimensional deconstruction and brane-web engi- 
neering of the same SQCD5 are always in the same universality class. And of course, other 
string/M implementations of SQCD5 are also in the same universality class because they are 
dual to the brane-web engineering. Which means that the phase diagram and other zero- 
energy features of a 5D gauge theory are inherent properties of the theory itself, regardless 
of its UV completion. 
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~k i< i< 



And this completes our analysis of quantum deconstruction. We showed how to use 
dimensional deconstruction as a UV completion of a 5D SUSY gauge theory such as SQCD5. 
We showed how to extract 5D quantum effects such as loop corrections to the prepotential 
from the 4D loop and instantonic effects — which can be calculated exactly thanks to the 
unbroken Af = 1 SUSY in 4D. We showed how to deconstruct the 5D phase diagrams, 
including the non-classical h < phases. And at the end of the story, the dimensional 
deconstruction turned out to be in the same universality class as the string-theoretical UV 
completions of the same 5D theory. 
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